Class XII - NCERT — Maths Chapter 5
Continuity and Differentiability

Exercise 5.1

Prove that the function f (x)="5x—3is continuous at x=0,x =—3and at x =5.

The given function is f (x)=5x-3

At x=0, f(0)=5x0-3=3

lim f (x)=lim(5x-3) =5x0-3=-3
x—0

x—0

= lim £ (x)= f(0)

Therefore, f is continuousat x =0

At x=-3, f (—3) :5x(-3)—3:—18

Ixigg f(x)= leir; f (5x—3)=5x(-3)-3=-18

~lim f (x) = f(=3)

X—3

Therefore, fis continuous at X =-3
At x=5, f (x)= f (5)=5x5—3:25—3=22
limf (X)=]im(5x—3)=5x5-3=22
X—5 X—5
~limf (x)=1(5)

Xx—5

Therefore, fis continuous at x =5

Examine the continuity of the function f (x)=2x*-1at x=3.

The given function is f (x)=2x*-1
At x=3, f(x)=f(3)=2x3"-1=17

limf (x)=1im(2x* -1)=2x3" -1=17
X—3 x—3
~limf (x)=f=(3)

Thus, f iscontinuous, at x=3
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Examine the following functions for continuity.

a) f(x)=x-5 b) f(x):is,x¢5

x? —25 d) f(x) = |x = 5|
JX#5H
X+5

c) f(x)=

a) The given functionis f (x)=x-5
It is evident that f is defined at every real number k and its value at kis k—5.
It is also observed that |jmf (x)=]imf (x-5)=k =k -5= f (k)
x—k x—k
~limf (%)= f (k)

x—k

Hence, f is continuous at every real number and therefore, it is a continuous function.

b). The given function is f(X) :is, X#5

for any real number k #5, we obtain
1 1

I f = I = —
limf()=lim;=5=1=5
1
Also, f(k)=— As k #5
so, (k)= (As k=5)

limf (x)=1 (k)
Hence, fis continuous at every point in the domain of f and therefore, it is a continuous
function.
x*—25
X+5
For any real number ¢ = -5, we obtain
. . x*=25 . (x+5)(x-5) ..
f(x)= —= L= x—-5)=(c-5
limf () =lim= - =lim~— 5 =lim(x-5)=(c-5)

Also, f(c)=%

~limf(x)=1()

X—>C

c). The given function is f(Xx) = , X#=5

=c(c—5)(as c#5)
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Hence f is continuous at every point in the domain of f and therefore. It is continuous function.
5-x,if x<5

Xx—=5,if x>5

This function f is defined at all points of the real line.

Let cbe a point on areal line. Then, c<50r c=50r ¢c>5

case | :c<5

Then, f(c)=5-c
limf (x)=lim(5-x)=5-¢

X—C X—>C

~limf (x)=f(c)

X—C

d). The given function is f (x)=|x—5| ={

Therefore, f is continuous at all real numbers less than 5.
case Il :c=5

Then, f(c):f(5)=(5—5):0

limf (x)=1 ( x)=(5-5)=0

X—5"

limf (x)=1 |m(>< 5)=0
(X

x—5" X—5

~limf ()=limf (=1 (¢)

X—C" x—c*

Therefore, f is continuous at x=5
case Ill:c>5

Then, f(c)=f(5)=c-5
limf (x)=limf (x-5)=c-5

X—C X—C

~limf (x)=f(c)

X—>C

Therefore, f is continuous at real numbers greater than 5.
Hence, f is continuous at every real number and therefore, it is a continuous function.

Prove that the function f (x) = X"is continuous at x=nis a positive integer.

n

The given function is f (x)=x

It is evident that f is defined at all positive integers, n, and its value at nis n".
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Then, |imf(n):|imf(x”)=n“

X—n X—=n

~limf (x)=f(n)

X—Nn

Therefore, f is continuous at n, where nis a positive integer.

X, if x<1
5if x>1
Continuous at x=0?At x=1? At x=27

Is the function f defined by f (x):{

) ) ) X, if x<1
The given function fis f(x)=1_"
5if x>1
At x =0,

It is evident that f is defined at 0 and its value at 0is0.
Then, [imf (x)=lim x=0
x—0

x—0
~limf (9=1(0)
Therefore, f is continuous at x=0
At x=1,
f is defined at 1and its value at is 1.
The left hand limit of f at x=11is,

limf(x)=lim x=1

x—1" x—1"

The right hand limit of f at x=1is,
limf (x)=limf (5)

x—1" x—1*
“limf ()= limf (x)

Therefore, f is not continuous at x=1
At Xx=2,
f is defined at 2and its value at 2is 5.

Then, limf (x)=lim? (5)=5

X—2 X—2

~limf (x)=1(2)

X—2
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Therefore, f is continuous at x=2

Find all points of discontinuous of f , where f is defined by
2x+3, if x<2
f(x)= ’
( ) {2X—3, if x>2

2x+3, if x<2
2x-3, if x>2
It is evident that the given function f is defined at all the points of the real line.

Let ¢ be a point on the real line. Then, three cases arise.
. c¢<2
. c¢>2

.  c¢c=2

Case (i)c<2
Then, f(x)=2x+3
lim (9)=lim(2x+3)=2c+3

X—C X—>C

~limf (x)=f(c)

X—>C

The give function f is f(x)z{

Therefore, f is continuous at all points, x, such that x <2
Case (ii)c>2

Then, f(c)=2c-3

limf (x)=lim(2x-3)=2c-3

X—>C X—C

~limf (x)=1(c)

X—>C

Therefore, f is continuous at all points x, such that x >2
Case (iii)c=2

Then, the left hand limit of f at x=2is,

limf (x)=lim(2x+3)=2x2+3=7

X—2~ X—2~

The right hand limit of f at x=21s,
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limf (¥)=lim(2x+3)=2x2-3=1

x—2" x—2"

It is observed that the left and right hand limit of f at x=2do not coincide.
Therefore, f is not continuous at x =2
Hence, x=2is the only point of discontinuity of f .

Find all points of discontinuity of f , where f is defined by
x|+3, if x<-3

f(x)=< -2x, if -3<x<3
6x+2, if x>3

x|+3, if x<-3
The given function fis f(x)=4 -2x, if —-3<x<3
6x+2, if x>3
The given function f is defined at all the points of the real line.
Let cbe a point on the real line.
Case | :

If c<-3,then f(c)=—+3
limf (x)=lim(-x+3)=-c+3

X—C X—C

~limf (x)=f(c)

X—>C

Therefore, f is continuous at all points x, such that x <-3
Case Il :

If c=-3,then f(-3)=—(-3)+3=6
limf (x)=lim(-x+3)=—(-3)+3=6

X—3" xX—3"
||r3nf (x)= ||r3nf (—2x)=2x(-3)=6

limf(9=1(-3)
Therefore, f is continuous at X =-3
Case Il :
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If -3<c<3,then f(c)=—2cand |jmf (X)=]lim(-2x)=—2c
X—C X—3cC
~limf (x)=1f(c)

Therefore, f is continuous in (-3,3).
Case IV :

If ¢ =3,then the left hand limit of f at x=3is,
limf (X)=limf (-2x) =-2x3=-6

x—3" X—3~

The right hand limit of f at x=3is,
limf ()= limf (6x+2)=6x3+2=20

x—3" x—3"

It is observed that the left and right hand limit of f at x =3do not coincide.
Therefore, f is not continuous at x=3
Case V:

If c>3,then f(c)=6c+2and |jmf (X)=]im(6x+2)=6c+2
~Jimf (x)=f(c)

X—C
Therefore, f is continuous at all points x, such that x >3
Hence, x=3is the only point of discontinuity of f .

X ;
2if x#0
Find all points of discontinuity of f , where f is defined by f (x)= ’if x?—&O

m,if x#0

X .
f x=
O,IXO

It is known that, x<0=|x|=—xand x>0=|x|=x

The given function fis f(x)=

Therefore, the given function can be rewritten as
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M =X it x<o
X

X

f(x)=1 0, if x=0
KX it xs0
X X

The given function f is defined at all the points of the real line.
Let c be a point on the real line.
Case | :

If c<0,then f(c)=-1
limf (x)=lim(-1)=-1

X—>C X—C

~limf (x)=f(c)

Therefore, f is continuous at all points x<0
Case Il :
If c=0, then the left hand limit of f at x=0is,

limf (x)=lim(-1)=-1

x—0" x—0"

The right hand limit of f at x=01s,
limf () =lim(2)=1

x—0" x—0"

It is observed that the left and right hand limit of f at x=0do not coincide.
Therefore, f is not continuous at x=0
Case Il :

If c>0, f(c)=1
limf (x)=1lim®)=1

X—>C X—>C

~limf (x)=f(c)

X—C
Therefore, f is continuous at all points x, such that x>0
Hence, x=0is the only point of discontinuity of f .

X .
—, if x<0
Find all points of discontinuity of f , where f is defined byf(x): |X|

-1if x>0
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X .
—, if x<0
The given function f is f(x)=1 x|
-1,if x>0

It is known that, X <0 :>|x| =—X

Therefore, the given function can be rewritten as

X if x<0
f(x)=4[x]
_1if x>0

= f(x)=—1forall xeR
Let cbe any real number. Then, |imf (X)=lim(-1)=-1

Also, f(c)=—1=]imf(x)

X—>C

Therefore, the given function is continuous function.
Hence, the given function has no point of discontinuity.

Xx+1 if x>1

Find all the points of discontinuity of f , where f is defined by f (X):{XZ L fxel
+ <

x+1 if x>1

X*+1, fx<1

The given function f is defined at all the points of the real line.
Let cbe a point on the real line.

Case |:

If c<lthen f(c)=c’+1and [jmf (x)=|imf (x* +1)=c*+1

<limf ()= )

X—C

Therefore , f is continuous at all points x, such that x<1
Case Il :

If c=1, then f(c)=f(1)=1+1=2
The left hand limit of f at x=1is,

The given function f is f(x)z{
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limf (¥)=1im(x* +1)=1" +1=2
x—1" x—=1"

The right hand limit of f at x=L11is,
|imf(x):|im(x2+l):12+1:2

x—1* x—1*

~limf ()=1(0)

x—1

Therefore, f is continuous at x=1
Case I :

If ¢>1,then f(c)=c+1
limf ()=lim(x+1)=c+1

X—>C X—C

~limf (x)=f(c)

X—C

Therefore, f is continuous at all points x, such that x >1
Hence, the given function f has no points of discontinuity.

Find all points of discontinuity of f , where f is defined by f(x):{

The given function f is f(x)z{xz_& _If x<2
X“+1, if x>2
The given function f is defined at all the points of the real line.
Let cbe a point on the real line.
Case | :

If c<2,then f(c)=c*-3and limf (xX)=lim(x*-3)=c*-3
Im Im

limf(0=1(c) S

X—C

Therefore, f is continuous at all points x, such that x <2
Case Il :

If c=2,then f(c)=f(2)=2°-3=5

x> -3, if x<2
X2 +1 if x>2
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|ir2nf (x)=|ir2n(x3—3)=23—3:5
limf (x)=lim(x*+1)=2°+1=5

x—2" x—2*

limef (0= 1(2)

X—2

Therefore, f iscontinuous at x=2
Case Il :

If c>2,then f(c)=c®+1

limf (X)=lim(x*+1)=c*+1

X—C X—C

~limf(x)=1(c)

X—C
Therefore, f is continuous at all points x, such that x > 2
Thus, the given function f is continuous at every point on the real line.
Hence, f has no point of discontinuity.

x° -1 if x<1

2

Find all points of discontinuity of f , where f is defined by f(x):{ ¢ oon
x5, if x>

x° -1 if x<1

X2, if x>1

The given function fis f (x):{
The given function f is defined at all the points of the real line.

Let cbe a point on the real line.
Case |:

If c<1then f(c)=c~land |jmf(x)=]im(x°-1)=c°-1

limf (=1 (c) S

X—>C

Therefore, f is continuous at all points x, such that x<1
Case II:

If ¢ =1, then the left hand limit of f at x=1is,

limf (¥)=lim(x°-1)=10°-1=1-1=0

x—1" x—1"

The right hand limit of f at x=L1Iis,
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lim? (9= lim(x*) =2 =1

x—1* x—1"

It is observed that the left and right hand limit of f at x=21do not coincide.
Therefore, f is not continuous at x=1
Case IlI:

If c>1,then f(c)=c?
limf (x)=lim(x*)=c

X—C X—>C

~limf (9=1(c)

X—>C

Therefore, f is continuous at all pints x, such that x >1

Thus, from the above observation, it can be concluded that x=1 is the only point of
discontinuity of f.

2

i _ X+5, if x<1 i i
Is the function defined by f (x)= ot if yo1 continuous function?
-9, >

X+5, if x<1
x=5, if x>1
The given function f is defined at all the points of the real line.

Let cbe a point on the real line.
Case | :

The given function is f (x) :{

If c<1,then f(c)=c+5and |imf (x)=]im(x+5)=c+5

limf (=1 (c)

X—>C

Therefore, f is continuous at all points x, such that x<1
Case Il :

If c=1, then f(1)=1+5=6

The left hand limit of f at x=L1Iis,

limf (x)=lim(x+5)=1+5=6

x—1" x—1"

The right hand limit of f at x=1is,
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limf(x)=lim(x-5)=1-5=-+4
x—1* x—1"
It is observed that the left and right hand limit of f at x=21do not coincide.
Therefore, f is not continuous at x=1
Case Il :
If c>1,then f(c)=c-5and |imf (X)=]im(x-5)=c-5

limf (=1 (c) R

X—>C

Therefore, f is continuous at all points x, such that x >1

Thus, from the above observation, it can be concluded that x =1 is the only point of discontinuity
of f.

3 if 0<x<1
Discuss the continuity of the function f , where f is defined by f(x)= 4,if 1<x<3
5, if 3<x<10

3 if 0<x<1
The given function is f(x): 4,if 1<x<3
5, if 3<x<10
The given function is defined at all points of the interval [0,10].

Let cbe a point in the interval [0,10].
Case | :
If 0<c<Zthen f(c)=3and [jmf(X)=lim(3)=3

limf(0=1(c) R

X—C

Therefore, f is continuous in the interval [0,1).
Case Il :

If c=1then f(3)=3

The left hand limit of f at x=L1Iis,

limf (x)=1im(3)=3

x—1" x—1"

The right hand limit of f at x=1is,
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limf (x)=lim(4)=4

x—1" x—1

It is observed that the left and right hands limit of f at x =1do not coincide.
Therefore, f is not continuous at x=1
Case Il :

If 1<c<3then f(c)=4and [jmf(x)=]lim(4)=4

limf (0= ()

X—>C

Therefore, f is continuous at all points of the interval (1,3).
Case IV :

If c=3,then f(c)=5

The left hand limit of f at x=3is,

limf (x)=lim(4)=4

x—3" x—>3"

The right hand limit of f at x=3is,
limf (x)=lim(5)=5

x—3" x—3"

It is observed that the left and right hand limit of f at x=3do not coincide.
Therefore, f is not continuous at x=3
Case V:

If 3<c<10,then f(c)=5and |jmf (x)=]im(5)=5

limf (0=1()

X—>C

Therefore, f is continuous at all points of the interval (3,10].

Hence , f is not continuous at x=1and x=3.

2x, if x<0
Discuss that continuity of the function f , where f is defined by f(x)= 0,if0<x<1
4x, if x>1
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2x, if x<0
The given function is f(x)=< 0, if0<x<1
4x, if x>1
The given function is defined at all points of the real line.

Let c be a point on the real line.
Case I :

If c<0,then f(c)=2c
limf (x)=lim(2x)=2c

X—C X—>C

~limf (9=1(¢)

X—>C

Therefore, f is continuous at all points x, such that x <0
Case Il :

If c=0,then f(c)=f(0)=0

The left hand limit of f at x=01s,

limf (¥)=1lim(2x)=2x0=0

x—0" x—0"

The right hand limit of f at x=01s,
limf (x)=1im(0)=0

x—0" x—0"

~limf (x)=1(0)

Therefore, f is continuous at x=0
Case Il :

If 0<c<Lthen f(x)=0and |imf (X)=]im(0)=0

limf (=1 (c)

X—>C

Therefore, f is continuous at all points of the interval (0,1).
Case IV :

If c=1,then f(c)="f(1)=0

The left hand limit of f at x=1is,

limf (x)=1im(0)=0

x—1" x—1"

The right hand limit of f at x=L1Iis,
limf (x) = lim(4x)=4x1=4

x—1" x—1"

It is observed that the left and right hand limits of f at x=1do not coincide.
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Therefore, f is not continuous at x=1
CaseV:

If c<1,then f(c)=4cand |jmf (x)=]im(4x)=4c

Aimie-te

X—>C

Therefore, f is continuous at all points x, such that x >1
Hence, f is not continuous only at x=1

-2, if x<-1
Discuss the continuity of the function f , where f is defined by f (x): 2x, If —1<x<1
2, ifx>1

-2, ifx<-1
The given function fis f(x)=42x, if -1<x<1
2, ifx>1

The given function is defined at all points of the real line.
Let cbe a point on the real line.
Case | :

If c<—Lthen f(c)=-2and |jmf (x)=]im(-2)=-2

~limf (x)=1f(c)

X—C

Therefore, f is continuous at all points x, such that x<-1
Case Il :

If c=—Lthen f(c)=f(-1)=-2
The left hand limit of f at x=-1Iis,
limf (x)=lim(-2)=-2

x—1" x—1

The right hand limit of f at x=-L1Iis,
limf () =lim=2x(-))=-2

x——1" x——1"

~limf (9= 1 (-1

x—-1
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Therefore, f is continuous at x=-1
Case Il :

If -1<c<Zthen f(c)=2c
limf (x)=lim(2x)=2c

X—>C X—C

~limf(x)=1()

X—>C

Therefore, f is continuous at all points of the interval (—1,1).
Case IV :

If c=1,then f(c)=f(1)=2x1=2

The left hand limit of f at x=11is,

limf (x)=lim(2x)=2x1=2

x—1" x—1"

The right hand limit of f at x=1is,
lim f (x)=lim2=2

x—1t x—1

~limf ()= ()

Therefore, f is continuous at x=2
CaseV:

If c>1 f(c)=2and IXierlf(x):IXiLT;(Z):Z
~limf (9=1(0)

X—>C

Therefore, f is continuous at all points, x, such that x>1
Thus, from the above observations, it can be concluded that f is continuous at all points of the
real line.

. ) : . _ ax+1 if x<3
Find the relationship be aand b so that the function f defined by f (x) =

. is
bx+3, if x>3

continuous at x=3.

ax+1 if x<3

The given function f is f(x)z{bX 2 if x> 3
+3,if x>

If fiscontinuous at x =3, then
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)!I_)I’gl f(x):lers[] f(x)="1(3) (D)

Also,
lim f (x)=lim f (ax+1)=3a+1

x—3" X—3"

lim f (x)=lim f (bx+1)=3b+3

x—3" x—3"

f (3) =3a+1
Therefore, from (1), we obtain
3a+1=3b+3=3a+1
=3a+1=3b+3
=3a=3b+2

:>a=b+E
3

Therefore, the required relationship is given by , a=b+ 2

/I(XZ—ZX),if x<0

) continuous at
4x+1, if x>0

For what value of Ais the function defined by f(x)z{

x =0?what about continuity at x=1?

A(x*=2x),if x<0
The given function fis f(x)= ( ) L
4x+1, if x>0

If fiscontinuousat x=0, then
lim f(x)= lim f(x): f (0)

x—0" x—0"

= lim 2(x* - 2x) = lim (4x+1) = 1(0* - 2x0)

x—0~ x—0"
=N /1(02 —2xo) = 4x0+1=0
— 0=1=0, which is not possible
Therefore, there is no value of A for which f is continuous at x=0
At x=1,
f (1)=4x+1=4 x1+1=5

lim(4x+1)=4x1+1=5

x—1
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~limf(x)=f(1)

x—1

Therefore, for any values of A4, f iscontinuousat x=1

Show that the function defined by g(x)= x—[x] Is discontinuous at all integral point.

Here [x]denotes the greatest integer less than or equal to x.

The given function is g(x)=x—[x]
It is evident that g is defined at all integral points.

Let nbe a integer.
Then,

g(n)=n—[n]=n-n=0
The left hand limit of f at x=nis,
lim g(x) = lim [ x=[x]]|= lim (x)- lim[x]=n—(n-1)=1

X—>n" X—=n X—>n" X—=n"

The right hand limit of f at x=nis,
lim g(x) = lim|[ x—[x]]= lim (x)— lim[x]=n-n=0

x—n* Xx—n x—n* X—n
It is observed that the left and right hand limits of f at x =ndo not coincide.
Therefore, f is not continuous at x=n

Hence, g is discontinuous at all integral points.

Is the function defined by f (x)=x?—sinx+5continuous at x =?

The given function is f (x)=x*-sinx+5

It is evident that f id defined at x=mt

At x=r, f(x)=f(7)=n*-sinz+5=2"-0+5=7"+5
Consider Imeﬂ f(x)= Ixi%m”(x2 —sin x+5)

Put x=7+h
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If x — 7z, then it is evident that h—0

~lim f (x)= Iim(x2 —sin x)+5)

X—>r X—>r

= lim[ (7z+h)’ =sin(z+h)+5|

h—0
. 2 - . .
—LILT()](ﬂ+h) —LI_T)T(')]SII’](?Z’+h)+LI_T)T(')]5
:(7r+0)2 —Ling[sin ncosh+0037z+sinh]+5
:nz—lhingsin ﬂcosh—lhirroncos;zsinh+5
= 7* —sin zcos0—cos zsin0+5
=7>-0X 1-(-1)x0+5
=7°+5
s lim f (x)= f (7:)

Therefore, the given function f is continuous at Xx=m

Discuss the continuity of the following functions.
a) f(x)=sinx+cosx
b) f(x)=sinx—cosx

c) f(x)=sinx x cosx

It is known that if gand hare two continuous functions, theng +h, g-hand g-h are also
continuous.

It has to proved first that g(x)=sinxand h(x)=cosx are continuous functions.

Let g(x)=sinx

It is evident that g () =sin xis defined for every real number.

Let cbe a real number. Put x=c+h

If x—c,then h—0

g(c)=sinc

limg(x)=limgsinx

X—C X—C

:Ihiggsin(c+ h)
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= Iim[sinccosh+coscsinh]
h—0

= Iim(sinccosh)+ Iim(coscsinh)
h—0 h—0

=sinccos0+coscsin0
=sinc+0
=sinc

Ixiggg(x):g(c)

Therefore , g is a continuous function.
Let h(x)=cosx

It is evident that h(x)=cos xis defined for every real number.

Let cbe a real number. Put x=c+h
If x—>c,then h—0

h(c)=cosc

limh(x)=limcos

X—C X—C

= Liﬂgcos(c+h)

=Iim[cosccosh—sincsinh]
h—0
=limcosccosh—limsincsinh
h—0 h—0
=cosccosO—sincsin0

=cosc X1-sincxO0
=CoscC

LI_I’E h(x) = h(c)
Therefore, his a continuous function.
Therefore, it can be concluded that

a) f(x)=g(x)+h(x)=sinx+cosx isa continuous function
b) f(x)=g(x)—h(x)=sinx—cosx is a continuous function

c) f(x)=g(x)xh(x)=sinx x cosx is a continuous function

Discuss the continuity of the cosine, cosecant, secant and cotangent functions.



Class XII - NCERT — Maths Chapter 5
Continuity and Differentiability

It is known that if gand hare two continuous functions, then

h(x)

. ——=,0g(x)=0is continuous
IO

. i g(x)=0 is continuous

g(x
iii. ﬁ,h(x);éo IS continuous

It has to be proved first that g(x)=sinxand h(x)=cosx are continuous functions.

N~ =

Let g(x)=sinx
It is evident that g (x)=sin xis defined for every real number.

Let cbe a real number. Put x=c+h
If x—>c,then h—0

g(c)=sinx
limg(c)=limsinx
X—C X—C
:Ihlirgsm(c+h)
=lim[sinccosh-+coscsinh]
h—0
=lim(sinccosh)+lim(coscsinh)
h—0 h—0

=sinccos0+coscsin0
=sinc+0
=sinc¢

leg;l g(x)=g(c)

Therefore, gis a continuous function.

Let h(x)=cosx

It is evident that h(x)=cosx is defined for every real number.

Let cbe a real number. Put x=c+h
If Xx—>c,thenh—>0 X

h(c)=cosc

limh(x)=limcos

X—C X—C
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=limcos(c+h)
h—0
=lim[cosccosh—sincsinh]
h—0
=limcosccosh—limsincsinh
h—0 h—0
=cosccosO—-sincsin0

=cosc X1-sincx0

.'.Iimh(x);h(c)

X—C

Therefore, h(x) = oS X is continuous function.

It can be concluded that,
1 ] ] .
cosec X =——,sin x =0 is continuous
sin x
= Ccosec X, X # Nz (n e Z)is continuous

Therefore, secant is continuous except at X =np,nl Z

1 . .
secx=—— cosx=0 Iis continuous
COS X

=secx, X #(2n +1)%(n €Z) is continuous

Therefore, secant is continuous except at x =(2n +1)%(n eZ)

COS X . . .
cotx=——, sinx=0 is continuous
Sin X

=cotx,x=nz(neZ) is continuous

Therefore, cotangent is continuous except at x = np, niZ

SINX if x<0

Find the points of discontinuity of f, where f(x)=4 x >0
if x>
+1,

SINX i x <0
The given function fis f(x)=4 x "f 50
if x>

X+1,
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It is evident that f is defined at all points of the real line.
Let cbe a real number.

Case | :

If c<0, then f(c)=%and Iimf(x):lim(wJ:%
X—C X—C X C

~limf (x)=f(c)

X—C

Therefore, f is continuous at all points x, such that x<0
Case Il :

If ¢>0,then f(c)=c+1and limf(x)=lim(x+1)=c+1
~limf (x)=f(c)

X—C

Therefore, f is continuous at all points x, such that x>0
Case Il :

If c=0,then f(c)=f(0)=0+1=1
The left hand limit of f at x=0is,

lim f (x) = lim 20X =1

x—0" x—0" X

The right hand limit of f at x=01s,
lim f (x)=lim(x+1)=1

x—0" x—0"

~im f (x)=lim f (x)= f (0)

x—0" x—0"
Therefore, f is continuousat x=0
From the above observations, it can be conducted that f is continuous at all points of the real

line.
Thus, f has no point of discontinuity.

, . 1
= if
Determine if f defined by f(x)= x-sin x’_]: ;too is a continuous function?
if x=
0,
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xzsinl, if 0

The given function fis f(x)=
J (x) Xt x=0

0,
It is evident that f is defined at all points of the real line.

Let cbe a real number.
Case | :

If c=0), then f(c)zczsin%

lim f (x) = Iim(xzsin 1) :(Iim xz)[limsin lj —sint

X—C X—C X X—C X—C X C

~lim f (x)= £ (c)

Therefore, f is continuous at all points x =0
Case Il :

If c=0,then f(0)=0

lim f (x)= Iim(x2 sin lj =lim [xz sin%)

x—0" Xx—0 X x—0

It is known that, —lSSinE <1 x=#0
X

2 H 1 2
= —x*<sin=<x
X

= Iim(—xz) < Iim(x2 sin lj <limx?

x—0 x—0 X x—0

=0< Iim(xzsin%so

x—0 X

= Iim(x2 sin Ej =0

x—0 X

- lim f(x)=0

x—0"

x—0* x—0* X x—0 X

Similarly, lim f (x)=lim (xzsinljzlim(xzsinljzo

~im f (x) = (0)=lim f (x)

x—0~ x—0"

Therefore, f is continuous at x=0
From the above observations, it can be concluded that f is continuous at every point of the real

line.
Thus, f is a continuous function.
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sinx—cosx,if x=0

Examine the continuity of f, where f is defined by f(x):{ . %D

sinx—cosx,if x=0
1 if x=0
It is evident that f is defined at all points of the real line.

Let cbe a real number.
Case | :

The given function f is f(x):{

If =0, then f(c)=sinc—cosc

lim f (x) =lim(sinx—cos x)=sinc—cosc

~lim f (x)= f (c)

Therefore, f is continuous at al points x, such that x =0
Case Il :

If c=0,then f(0)=-1

lim f (x)=lim(sin x—cosx)=sin0—cosO=0—l=—1

lim f (x)=lim(sinx—cosx)=sin0-cos0=0-1=-1
~lim f(x)=lim f (x)=f(0)

Therefore, f is continuousat x=0
From the above observations, it can be concluded that f is continuous at every point of the real

line.
Thus, f is a continuous function.

Find the values of k so that the function f is continuous at the indicated point.

. T

kcosx if x==
f(x)yz-2x" atx:%
3, if x=

NN N
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. VA
kcosx if x==

The given function fis f(x)4 z—2x’
3, if x=

Ny N

The given function f is continuous at x =%, it is defined at X =%and if the value of the f at

X =£equals the limit of f at x= %

It is evident that f is defined at X =%and f (g} =3

lim? £ (x) = lim XS0
x> 2 s T—2X

Put x="2+h
2

Then, x—>%:>h—>0

T
K CoS X kcos(2+hj
lim £ (x) = lim 2222 fjm— = 2
x—>Z xo>X T —2X  h-0 T
2 2 ﬂ—2(2+hj

.. —sinh k,. sinh Kk k
=klim =—lim—==1=—
h->0 —2h  2h>0 h 2 2

Therefore, the required value of k is 6.

Find the values of k so that the function f is continuous at the indicated point.

2 3 <
f(x)= kox ’!fx_zat X=2
3, ifx>2
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kx?,if x<2

3, ifx>2

The given function f is continuous at x=2, if f is defined at x=2and if the value of f at
x =2equals the limit of f at x=2

It is evident that f is defined at x=2and f (2)=k(2)2 =4k
lim f (x)=lim f (x)=f(2)

X—2" x—2*
= lim (kx*) = lim (3) = 4k

X—2" x—2"

The given function is f (x) :{

=k x2° =3 =4k
=4k =3 =4k
=4k =3

3

=>k=—=
4

Therefore, the required value of k is% .

Find the values of kso that the function fis continuous at the indicated point.
kx+1,if x <
f(x)z{ i

. at x=orx
cos X, if x>

_ o kx+Lif X< 7
The given function is f (x)= oo if x
Jf X>7

The given function f is continuous at X=m and, if f is defined at x=m and if the value of f
at Xx=m equals the limit of fat x=mn

It is evident that f is defined at x=m and f (7)=kz+1
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lim f(x)=lim f(x)=f(7)

X—>1 x—r*t

= lim (kx+1) = lim cosx =kz +1

= kr+l=cosz=kr+1
=>kr+l=-1=krzr+1
> kr+l=-1=krzr+1

2

=>k=——
T

Therefore, the required value of k is—g.
T

Find the values of k so that the function fis continuous at the indicated point.
kx+1,if x<5
R

. at x=5
3x-5,if x>5

kx+1, if x<5

3x-5,if x>5

The given function f is continuous at x=5,if f isdefined at x=5and if the value of f at x=5
equals the limit of f at x=5

Itis evident that f is defined at x=5and f (5)=kx+1=5k+1
lim £ (x)=lim f (x)= f (5)

The given function of fis f(x) :{

X—5" x—5"
= XILrE](kijl) = XIL@(BX—S) =5k +1
=5k +1=15-5=5k +1
=5k+1=10
=5k =9
=k :g

5

Therefore, the required value of K is %
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5, if x<2
Find the values of aand b such that the function defined by f (x) =<ax+b,if 2<x<10 isa
21 if x>10

continuous function.

5, if x<2
The given function fis f(x)=qax+b, if 2<x<10
21 if x>10

It is evident that the given function f is defined at all points of the real line.
If fisa continuous function, then f is continuous at all real numbers.

In particular, f is continuous at x=2and x=10
Since f is continuous at x =2, we obtain
lim f (x)=lim f (x)=f(2)

x—2" x—2"

= lim(5)=lim (ax+b)=5

x—2~ x—2*
=>5=2a+b=5
—2a+b=5 (1)
Since f isa continuous at x=10, we obtain

lim f(x)=lim f(x)=f(10)

x—10" x—10*

= lim (ax+b) = lim (21)=21

x—10~ x—10*

=10a+b-21=21

—=10a+b=21 )

On subtracting equation (1) from equation (2), we obtain

8a=16

—a=2

By putting a = 2 in equation (1), we obtain

2x2+Db=5

=4+b=5

=b=1

Therefore, the values of aand b for which f is a continuous function are 2 and 1 respectively.
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Show that the function defined by f (x)=cos(x)is a continuous function.

The given function is f (x) =cos(x2)

This function f is defined for every real number and f can be written as the composition of two
functions as,
f =g o h,where g(x)=cosx and h(x)=x

[ (goh)(x)=g(h(x))=g(x*)=cos(x*)=f (x)]

It has to be first proved that g(x)=cosx and h(x)=x*are continuous functions.

2

It is evident that g is defined for every real number.

Let cbe a real number.

Then, g(c)=cosc

Put x=c+h

If x—>c,then h—0

limg(x)=limcosx

X—>C X5

= ngg cos(c+h)

=lim[cosccosh—sincsinh]
h—0

= limcosccosh—limcincsinh
h—0 h—0

=cosccos0—sincsin0

=cosc X 1-sinc x 0

=Cosc

~limg(x)=g(c)

Therefore, g(x)=cosx is a continuous function.
h(x)=x*

Clearly, his defined for every real number.
Let k be a real number, then h(k)=k?

limh(x)=limx* =k?

x—kK x—k

= limh(x)=h(k)

Therefore, his a continuous function.

It is known that for real valued functions gand h, such that (g 0 h)is defined at c, it gis
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continuous at cand it f is continuous at g(c), then (f o h)is continuous at c.

Therefore, f(x)=(g o h)(x)=cos(x)is a continuous function.

Show that the function defined by f (x) =|cos x| is a continuous function.

The given function is f (x)=|cosx|

This function f is defined for every real number and f can be written as the composition of two
functions as,
f =goh,where g(x)=|x/andh(x)=cosx

[ (goh)(x)=g(h(x))=g(cosx)=|cos x| = f (x)]
It has to be first proved that g(x)=|x/and h(x)=cos xare continuous functions.

g(x)=|x|, can be written as
—x,If x<0

g(x):{ x if x>0

Clearly, gis defined for all real numbers.

Let cbe a real number.
Case | :

If c<0,then g(c)=—cand limg(x)=lim(-x)=—c

Ixiirgg(x): a(c)

Therefore, gis continuous at all points x, such that x<0
Case Il :

If ¢>0,then g(c)=cand IXiLrgg(x):Iimx=c

~limg(x)=g(c)

X—C

Therefore, g is continuous at all points x, such that x>0
Case Il :
If c=0,then g(c)=g(0)=0

limg(x)=lim(—x)=

x—0" X—0"
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fim g ()= lim (x) =0

~lim g (x)=lim g (x)=g(0)

Therefore, gis continuous at x=0

From the above three observations, it can be concluded that g is continuous at all points.
h(x)=cosx

It is evident that h(x)=cos xis defined for every real number.

Let cbe a real number. Put x=c+h
If x—>c,the h—>0
h(c)=cosc
lim h(x)= limcos x
X—C X—C
= Iimcos(c+h)
h—0
= Iim[cosccosh—sin csinh]
h—0
=limcosccosh—Ilimsinsinh
h—0 h—0
=cosccos0—sincsin0
=coscx1l-sincx0
=C0SC

~limh(x) =h(c)

Therefore, h(x)=cosxis a continuous function.

It is known that fir real valued functions gand h, such that (goh)is defined at c, if gis
continuous at cand if f is continuous at g(c),then (f 0g)is continuous at c.

Therefore, f(x)=(goh)(x)=g(h(x))=g(cox)=|cosx] is a continuous function.

Examine that sin|x| is a continuous function.

Let f(x)=sin|x]
This function f is defined for every real number and f cane be written as the composition of
two functions as,

f =goh,where g(x)=|x/and h(x)=sinx
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[ (goh)(x)=g(h(x))=g(sinx)=|sinx| = f (x)]
It has to be prove first that g(x)=|x| and h(x)=sin xare continuous functions.

g(x)=|x| can be written as
—x,if x<0
X
J ){ x if x>0
Clearly, gis defined for all real numbers.
Let cbe a real number.
Case | :

If c<0 g(c)=—cand limg(x)=lim(-x)=-c

Ixiirgg(x): a(c)
Therefore, gis continuous at all points x, that x<0
Case Il :

If ¢>0,then g(c)=cand limg(x)=limx=c

~limg(x)=g(c)

X—C

Therefore, g is continuous at all points x, such that x>0
Case Il :

If c=0,then g(c)=g(0)=0
lim g(x)=lim(—x)=

x—0" x—0"

limg(x)=lim(x)=0

x—0* x—0"
Sdimg(x)=Ilim(x)=g(0
lim g(x) = lim (x) = 9 (0)
Therefore, gis continuous at x=0
From the above three observations, it can be concluded that g is continuous at all points.
h(x)=sinx
It is evident that h(x)=sinxis defined for every real number.
Let cbe areal number. Put x=c+k
If x—c,then k—0
h(c)=sinc
limh(x)=limsinx

X—C X—C
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=limsin(c+k)
k—o0
=lim[sinccosk +coscsink]
k—o0
= Iklﬂg(smccosk)+ le(coscsm k)
=sinccos0+coscsin0
=sinc+0
=sinc
leLrgh(x) =g(c)

Therefore, his a continuous function,
It is known that for real valued functions gand h, such that (goh)is defined at c, if gis

continuous at cand if f is continuous at g(c), then (f oh)is continuous at c.

Therefore, f(x)=(goh)(x)=g (h(x)) =g(sinx)=|sinx| is a continuous function.

Find all the points of discontinuity of f defined by f (x)=|x|—|x+1].

The given function is f (x)=|x|—|x+1].
The two functions, gand h, are defined as
g(x)=|x| and h(x)=|x+1
Then, f =g—h
The continuous of gand h is examined first.
g(x)=|x|can be written as

—x,if x<0
g(x):{ X, iIf x>0
Clearly, gis defined for all real numbers.
Let cbe a real number.

Case | :
If c<0,then g(c)=g(0)=—cand limg(x)=lim(-x)=—c
~limg(x)=g(c)

X—C

Therefore, gis continuous at all points x, such that x <0
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Case Il :
If ¢>0,theng(c)=c limg(x)=limx=c

Ixiirgg(x): a(c)

Therefore, gis continuous at all points x, such that x>0
Case Il :

If ¢=0,then g(c)=g(0)=0

lim g (x)= lim (—x

)=0
Xx—0" Xx—0"
firn 8(x) =g 9(x)=0
+lim g (x) = fim (x) = g (0)
Therefore, gis continuous at x=0
From the above three observations, it can be concluded that g is continuous at all points.
h(x)=|x+1 can be written as
h(x):{—(x+1),!f,x<—1

x+1, if,x>-1

Clearly, his defined for every real number.
Let ¢ be a real number.

Case | :

If c<—1,then h(c)=—(c+1)and Iimh(x):Iim[—(x+1)]:—(c+1)
~limh(x)=h(c)

Therefore, his continuous at all points x,such that x <-1

Case Il :

If ¢>—1 then h(c)=c+1and limh(x)=lim(x+1)=(c+1)
~limh(x)=h(c)

Therefore, his continuous at all points x, such that x >-1

Case Il :

If c=—1 then h(c)=h(-1)=-1+1=0
limh(x) = lim[ —(x+1) ]=—(-1+1)=0

x—1" x—1
!Lrp h(x)= !Lrp(x+1) =(-1+1)=0
!LT h= anlw h(x)=h(-1)

Therefore, his continuous at x=-1
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From the above three observations, it can be concluded that his continuous at all points of the
real line.
g and hare continuous functions. Therefore, f =g —his also a continuous function.

Therefore, f has no point of discontinuity.

Exercise 5.2

Differentiate the function with respect to x.
sin (x2 + 5)

Let f(x)=sin(x*+5), u(x)=x"+5,and v(t)=sint
Then, (vou)(x)=v(u(x))=v(x*+5)=tan(x* +5)= f ()
Thus, f is a composite of two functions.

Put t=u(x)=x*+5

Then, we obtain
dv d

E:a(sint)zcostzcos(szrS)

d d d d

&=&(x2+5):&(x2)+&(5):2x+0:2x

Therefore, by chain rule. ﬂ=%.E=cos(x2 +5)x 2x=2xcos(x2 +5)
dx dt dx

Alternate method

di[sin(x2 +5)] =cos(x2 +5)

v (x*+5)

d
dx
- cos(x2 +5).{%(x2)+%(5)}
=cos(X* +5).[2x+0]

:2xcos(x2+5)
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Differentiate the functions with respect of x.
cos(sin x)

Let f(x)=cos(sinx),u(x)=sinx,and v(t)=cost
Then, (vou)(x)=v(u(x))=v(sinx)=cos(sinx)= f (x)
Thus, f is a composite function of two functions.

Put t =u(x)=sinx

.'.%:%[cost]:—sint:—sin(sin X)

d d, .

&:&(smx)zcosx

By chain rule, ﬂ,y.ﬁz—sin(sin X).€0s X =—cos xsin(sin x)
dx dt dx

Alternate method

d . . d, . e o
&[cos(smx)]=—sm(smx).&(smx)=—S|n(smx)—cosx:—cosxsm(smx)

Differentiate the functions with respect of x .
sin(ax+b)

Let f(x)=sin(ax+b),u(x)=ax+b,and v(t)=sint
Then, (vou)(x):v(u(x)):v(ax+b):sin(ax+b): f(x)
Thus, f is a composite function of two functions uand v.
Put t=u(x)=ax+b

Therefore,
ﬂzi(sint):cost:cos(ax+b)
dt dt

dt d

a &(ax+b)=%(ax)+%(b)=a+0=a

Hence, by chain rule, we obtain
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af _dv ﬂ—cos(ax+b) a=acos(ax+b)
dx dt dx

Alternate method

dr. d
&[sm (ax+b) :|:cos ax+b).&(ax+b)

=cos(ax+b). [ d (ax)+ }

dx
=cos(ax+h).(a+0)
=acos(ax+b)

Differentiate the functions with respect of x.

sec(tan (\/;))

Let f(x):sec(tan(\/;)),u(x):\/}, v(t)=tant, and w(s)=secs

Then, (wovou)(x)=w[v(u(x))]= w[v(\/;ﬂ = w(tan \/;) = sec(tan \/;) _

Thus, f is a composite function of three functions, u, vand w.
Put s=v(t)=tant and t=u(x)=+/x

Then,?j—vsvzi(secs)zsecstans=sec(tant).tan(tant) [s=tant]
= sec(tan \/;).tan(tan \/;) [t =/X]
ds d

" a(tant) —sec’t =sec? /X

dt _d d 1 4 1
—=—(+/X X2 |==.x2 =——
dx dx (\/_) dx( J 2 2%

Hence, by chain rule, we obtain
dt dw ds dt

dx  ds dt dx

= sec(tan &)-tan (tan \/;)X sec?/xX x%

f(x)
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= %sec2 \/;(tan \/;) tan (tan \ﬁ)

B sec? \/;sec(tan «/;) tan (tan \/;)
- e

Alternate method

(
—sec(tanf) tan(tanf) secz(\ﬁ N
_ sec(tan ﬁ).tan(tan \F) secz(

Differentiate the functions with respect of X.
sin(ax+b)
cos(cx+d)

sin(ax+b)  g(x)
cos(cx+d)  h(x)’

The given function is f(x)= where  g(x)=sin(ax+b)and

h(x)=cos(cx+d)

L f=9 hh‘zgh

Consider g(x)=sin(ax+b)

Let u(x)=ax+b, v(t)=sint

Then (vou)(x)=v(u(x))=Vv(ax+b)=sin(ax+b)=g(x)
..g is a composite function of two functions, uand v.

Put t=u(x)=ax+b
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v _d .
W a(smt) =cost =cos(ax+h)

%=%(ax+b)=%(ax)+%(b)=a+0=a

Therefore, by chain rule, we obtain

' :d—g:y.ﬁ=cos(ax+b).a=acos(ax+b)
dx dt dx

Consider h(x)=cos(cx+d)

Let p(x)=cx+d, q(y)=cosy

Then, (qop)(x)zq(p(x))=q(cx+d):cos(cx+d):h(x)
.. his a composite function of two functions, pand g.

Put y=p(x)=cx+d

dg_d — _siny =—si
dy_dy(cosy)_ siny =—sin(cx+d)
dy d d d
dx dx(CXJr ) dx(CX)+dx() ¢
Therefore, by chain rule, we obtain
':@:%.ﬂ=—sin(cx+d)xc:—csin(cx+d)
dx dy dx
_ f._acos(ax+b).cos(cx+d)—sin(ax+b){—csincx+d}
h [ cos(cx+d )]2
:acos(ax+b)+csin(ax+b)'S|n(cx+d)x 1
cos(cx+d) cos(cx+d) cos(cx+d)

=acos(ax+b)sec(cx+d)+csin(ax+b)tan(cx+d)sec(cx+d)

Differentiate the function with respect to x.
cos x®-sin’ (x°)
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cos X° -sinz(xs)
%[cosx?’.sinz(x5)}=sin2(x5)x%(cos x3)+cos xsxi[sinz(xf’ﬂ
) . d . dr.

The given function i =sin® (x*)x(-sin x3)x&(x3)+cos X +25|n(x5).&[sm xE’]

=sin x*sin? (xf’)x3x2 +2sin x° cos x°.cos X° X i(x5)

dx
=3x2sin x3.sin® (x5)+25in x° cos x° cos X° . X 5x*

=10x*sin x° cos x° cos x® —3x% sin x3sin? (x5)

Differentiate the functions with respect to x.

2, /cot(x2 )

x/cos x2+/sin x? sin x°
B —242x
- J2sin x? cos X2 sin X2
B ~24/2x
~ sinx?sin 2x?
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Differentiate the functions with respect to x

cos(ﬁ)

Let f(x):cos(ﬁ)

Also, let u(x)=+/x

And, v(t)=cost

Then, (vou)(x)=v(u(x))
(]
= cos+/x
= f(x)

Clearly, f is acomposite function of two functions, uand v, such that

t:u(x):\/;
Then,
dt _d/m=y_df..
dx_dx(&)_dxﬂx j
1.5 1
—X —_
2 24/x

dv d . .
And, — =—(cost)=-sint =-sin+/x
dt dt( ) \/_

By using chain rule, we obtain
dt_dv dt
dx dt dx
. 1
— —sin(/x).——
( ) zﬁ

)

isin(
2dx
sin(«/;)
_ o

Alternate method
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 [os{ 5] =-sn () &)
= —sin(x) x %[xéJ

1 1
=—SiN/X X =x 2

_ —sin/x
-k

Prove that the function f given by
f (x)=|x—1|, xeRis not differentiable at x=1.

The given function is f (x)=|x—1],xeR
It is known that a function f is differentiable at a point x =cin its domain if both

lim fle+h)-f(c) and lim f(c+h3— fe) are finite and equal.

k—0~ h—0*

To check the differentiability of the given function at x =1,
Consider the left hand limit of f at x=1

lim f(1+h)-f(2) _lim f|1+h-1[1-1

h—0" h h—0"

_tim =0 _ jjy 0 (h<0=>|n|=—h)
h—0" h h—0~ h

=1
Consider the right hand limit of f at x=1

lim f(1+h)—f (1) iim f{l+h-1-[1-1

h—0" h h—0" h

_tim M=0_ i (h>0=>|n/=h)
h—0" h h—0" N

Since the left and right hand limits of f at x=21are not equal, f is not differentiable at x=1
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Prove that the greatest integer function defined by f = (x) = [x],O < X< 3is not differentiable at

x=land x=2.

The given function fis f =(x)=[x],0<x<3
It is known that a function fis differentiable at a point x=cin its domain if both
lim f(c+h)-f(c) and lim f(c+h)-f(c)
h—0~ h h—0* h
To check the differentiable of the given function at x =1, consider the left hand limit of f at
x=1
f(1+h)-f(1 1+h|[-|1
i fEen)- 1@ [en]-]
h—0" h—0" h

. 0-1 . -1
=lim—=Ilim=—=w
h—»0- h h—»0- h

are finite and equal.

Consider the right hand limit of f at x=1

lim f(1+h)-f(1) _lim [1+h][1]

h—0* h h—0*

—tim = imo=o0
h—>0" N h—0*

Since the left and right limits of f at x=21are not equal, f is not differentiable at x =1
To check the differentiable of the given function at x =2, consider the left hand limit of f at
X=2

f _
jim 2= T2)_
h—0" h h—0"

L1-2 .. 1
=lim—=Ilim—=w
h—0" h h—0" h

Consider the right hand limit of f atx=1
im f(2+h)-f(2) _lim [ZHH_[Z]

[2+h]-[2]

h—0* h—0*

—1im 1222 jim0=0

h—>0* N h—0*

Since the left and right hand limits of f at x=2are not equal, f is not differentiable at x=2
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Exercise 5.3
Find dy :2X+3y =sin X
dx

The given relationship is 2x+3y =sinx
Differentiating this relationship with respect to x, we obtain

diy(2X+3y) = (;j (sinx)

X
d d
2 (2x)+ — -
:>dx( x)+dx(3y) COS X

:>2+3%=cosx

X

:>3ﬂ=cosx—2
dx
_dx  cosx-2

..d—y— 3

Find dy :2X+3y=siny
dx

The given relationship is 2x+3y =siny

Differentiating this relationship with respect to x, we obtain
d

%(2x)+&(3y)=%(sin y)

:>2+3ﬂ=cos yﬂ [By using chain rule]

dx dx
dy
2= -3
= (cosy ) dx

Ldy 2
“dx cosy-3
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Find dy :ax+by® =cosy
dx

2
The given relationship is 8 +by” =c0sy

Differentiating this relationship with respect to X, we obtain

d d d
g )=
dx(ax)+dx( y ) dx(COSy)
:>a+bi(y2)=i(cosy)
dx dx (1)
i( 2)=2yy i(cosy)zsinyﬂ
Using chain rule, we obtain dX dX and dx d (2)
From (1) and (2), we obtain
a+bx Zy%:—sin y%

= (2by +sin y)ﬂ:—a
dx
Ldy_ -a

“dx  2by+siny

Find ﬂ:xy+y2 =tanx+y
dx

The given relationship is xy+y* =tanx+y
Differentiating this relationship with respect to x, we obtain

d d
&(xy+ y2) :&(tan X+Y)
d

d dy
:>—(xy)+&(y2):&(tan x)+&

:{y.%(xﬁx.—}Zyd— =Sec x+d—X [using product rule and chainrule ]
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= y.1+xﬂ+2yﬂ=sec2 x+ﬂ

dx dx dx
dy
dx
cdy  sec’x-—vy

Cdx o (x+2y-1)

= (x+2y-1)—==sec’ x—y

Find ﬂ:xz +Xxy+y* =100
dx

The given relationship is x* +xy + y* =100

Differentiating this relationship with respect to x, we obtain

di(x2 + XY + yz) = di(loo)
X X [ Derivative of constant function is O]

d d d
:&(x2)+&(xy)+&(y2)=0

:>2x+[y.i(x)+x.ﬂ}+2yﬂ:0 [Using product rule and chain rule]
dx dx dx

= 2X+Yy.1+ x.d—y+2yﬂ:0
dx dx

= 2X+ y+(x+2y)%:0

X

.ﬂ__2x+y

Tdx x+2y

Find %:x2+x2y+xy2+y3:81
X

The given relationship is x* +Xx°y+xy* +y* =81
Differentiating this relationship with respect to x, we obtain

i 3, 2 2,3 _i
dx(X + XY+ Xy°y )_dx(81)
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d d d 2 d /5
:&(x )+&(x y)+&(xy) +—(y*)=0

2 d . 2 dy 2 2 a 2 dy
= 3X +[ydx(x )+x dx}{y dX(x)+xdx(y )}+3y » =0

= 3x% +| y.2x+ X d— [y A+x.2y. dy}+3y2d =0
dy d dy

(x +2xy +3y? )3y (3x +2xy+y) 0

. dy_—(3x2+2xy+y )
Cdx (x*+2xy+3y?)

Find X . sin? Y+COSXy =7
dy

The given relationship is sin® y+cosxy =z
Differentiating this relationship with respect to x, we obtain

%(sin2 Y +COS xy) :%(ﬂ')

(1)
:i(sinzy)+i(cosxy):0
dx dx
Using chain rule, we obtain
d, ., ood o . dy
—(sin =2siny—(siny)=2sinycosy—
dx(I y) I ydx(I y) my ydx 5
i(cosxy):—sinxyi(xy):—sinxy yi(x)+xﬂ -
dx dx dx dx
. dy . . dy
=-sIinXxy| y.1+ X— | =—-YySIn Xy — XSin Xy — .....(3)
dx dx
From (1) ,(2) and (3), we obtain
Zsinycosyy—ysinxy—xsinxyﬂ:0
dx dx
dy
= (2sinycosy— xsmxy)d = ysinxy

. . dx .
= (sin2y —xsin Xy)d_y = ysinxy
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Jdx _ ysinxy
dy  sin2y—xsinxy

Find 07 :sin® x+cos’ y =1
dx

The given relationship is sin? x+cos® y =1

Differentiating this relationship with respect to x, we obtain
dy ., 2 d

—(sin“ x+cos“y)=—(1

dx( y) dx( )

= %(sin2 x)+%(cos2 y)=0

. d, . d
= 2sin x.&(sm X)+2cos y.&(cos y)=0

=> 2sin XcoS X+2¢c0s y (—sin y).:—y:O
X
= sin2x—sin ZyQ:O
dx
. Ox _sin2x
dy sin2y

Find ﬂ: y:sin‘l( 2x2j
dx 1+x

The given relationship is y:sin—l( szj
1+x

y:sin‘l( szj
1+x
2

=siny =

1+ X°
Differentiating this relationship with respect to x, we obtain
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i(siny)zi( 2x j
dx dx \ 1+ x?

.......... (D
dy d ( 2X j
=C0Sy—>=—
dx dx\1+x°
The function 2—X2 is of the form of 5.
1+X Vv
Therefore, by quotient rule, we obtain
d d
d( 2x ) (1+ xz)&(Zx)—Zx.&(l+ xz)
&(1+x2j_ (1+x2)
B (1+x*).2—2x[0+2x] C2+2x%-4x 2(1+x)
(1+ X2 )2 (1+ X2 )2 (1+ xz)2
. 2X
Also, =
so, siny %

2
=C0SYy =4/1-sin’y = 1—(12)(2] =
+X

(1-x )2 1%
(2- Xz)2 14 %
From (1)(2) and (3), we obtain
1% dy 2(1-X)
1+x2 " dx (1+ X2 )2
dy 2
dx  1+x?

3
Find %:y:tan‘1 3X_X2 ,—i<x<i
dy 1-3x

3
The given relationship is y =tan™ 3X_X2
1-3x
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3x-x°
=tan™"
y (1—3x2 ]

:tany_Bx—xe’ ........ (1)
1-3x?
3tan Y —tan® Y
It is known that, tany = 3 3
1—3tan2;/

Comparing equations (1) and (2), we obtain
x=tan Y

Differentiating this relationship with respect to x, we obtain

3 3)
l3)

1ldy
“dx

| o

=1=sec?

=1=sec?

oooo|~< oo|~<
ooli—\ o_

N 3

dx

2y

sec?y  1+tan
3 3

Jdx 3
Ty 1+%

_ 2
Find ﬂ:ycos‘l(l ij,0<x<1
dx 1+X

The given relationship is,

y =cos™ 1-x
1+ %
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2

=008y =73

2 Y
1-tan 5 1-x?

2y 1+ X2

=
1+tan

On comparing L.H.S. and R.H.S. of the above relationship, we obtain

tanX:x
2

Differentiating this relationship with respect to x, we obtain
seCZX_i(X) :i(x)
2 dx\2) dx

:seczleizl

2 2dx

2

Find ﬂ: y:sin‘l{ ij,0<x<1
dx 1+X

2
The given relationship is y :sin‘l(l_x j

1+ %%
y=sin" L-x
1+ %2

2

siny =
—siny 1+ x?

Differentiating this relationship with respect to x, we obtain

d, . d(1-x°
&(sm y)_&(hxzj ...... (1)
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Using chain rule, we obtain

d (sm y) = cos y d—

cosy—«/l sin’y = ’1 1+x

_ \/(“X) (%) _ _
(l+x2)2 (1+x)2 14X

d, . 2x dy
S—(siny)=—o02< . 2
dx( y) 1+ %2 dx @

d (1_sz_(1+x2)(1x2)(1x2)(1+x2)'
dx { 1+ X2 (1+ X2 )2
_ (l+x2)(—2x) —(1— X2 )(2x)
(1+ x2)
_ —2x—2x3—=2x+2x°
(1+x)

—4x
= . .....(3)
(1+x°)
From (1),(2), and (3), we obtain
2x_dy = —4X
1+x? dx (142 )2
dy -2
dx 1+x°
Alternate method

[using quotient rule]
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y=sin™ 1
1+ x°

1-x?
1+ x°
= (1+ xz)sin y=1-x°

=siny=

= (1+siny)x* =1-siny
2 _ 1-siny
1+siny

2
(cosy—sin yj
) 2 2

=X = 5
[cosy+siny]
2 X

=X

cosz—sinx
= X 2 2
cosl+sinx
2 2
1—tan?Y
= X= 2
1+tanz
2

v/
= Xx=tan| =-=
(4 2)

Differentiating this relationship with respect to x, we obtain
i(x)=i. tan(f—lj
dx dx 4 2
:1:sec2(z—zj.i(£—lj
4 2)dx\4 2
=1= 1+tan2(z—zj.(—1.ﬂ)
4 2 2 dx
:1=(1+x2)(—1ﬂj
2 dx

dx -2
:} _—
dy 1+x°
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Find y:COS_l(ﬂzj,—l< x<1
dx 1+X

The given relationship is y :Cos—l( 2x2j
1+x

Y=cosl( 2ij
1+x
2

=cosy =

1+ %2
Differentiating this relationship with respect to x, we obtain

i(cos )—i( 2X j

d d
= —sin y-d—yz 1+ x2)_w((2X)_22x.w((l+ x*)
x (1+ x2)
= —1-cos’y dy _ (1+ XZ)X 2-2X.2X
dx (1+X2)2

= 1_(ﬂ)2 dy__[20-x)
1+ x? dx (1+ X2)2
(x4 0y _-20-x)
(1+x2)  d (@+x)

(1_X2)2 dy _ —2(1—x2)
(1ex) & (1-x)
1-x* dy _M

1+ x? " dx (1+ X2)2
dy -2

dx 1+x?

=
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dy . 1 1
Find sin{2xy1-x? ), ——= < x<——
oY= ) 25
Relationship is y :sin’1(2x»\/1— x2)
y:sin‘1(2x\/1—x2)

—siny = 2xy1-x?

Differentiating this relationship with respect to x, we obtain

cosy—dy Z[X—(\/l X )+«/l x> gﬂ

dx
= \/1-sin’ dy Z{X —2X 1—x2}
2
B _ZZQ_ X2 +1- X2
:>\/1 (2x\/1 x) dx_z[—ﬁ }

- g - ]

2
— (1_2)()2 dy — z{ﬂ}

dx V1-x2
dy 1-2x
=(1-2x° 2
~(1-26) o 120
dy 2
—
dx {1-x2

Find d_y: y:sec‘l(zL}0<x<i
dx 2x° -1

2

The given relationship is y =sec™ (ZLJ
2x° -1

y=sec™ [%)
2x° -1
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2>5ecy:T1_1

=cosy=2x*-1
= 2x*=1+cosy

= 2x° = 2C082%

— x=cos
2

Differentiating this relationship with respect to x, we obtain
i(x) = i[cosl]
dx dx 2

:>1:sinl i(l]

2 dx\ 2

-1 _1dy

sin Y 2

d_y_ -2 -2

& sind  h_cosY
2

dy 2

dx 1-x?

Exercise 5.4

X

e

Differentiating the following w.rt. X: —
sin x

X

e
sin x
differentiating w.r.t x, we obtain
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od o Ld
dy_smx&(e) e dX(smx)

dx sin? x
sinx.(e*)—e”.(cos x)
- sin® x
e* (sinx—cos x)

= — X#nr,nel
sin‘ x

Differentiating the following e*" *

Let y = esin’lx

differentiating w.r.t x , we obtain
dy d sin7t x

— =—|e

dx dx( )

= ay _ es"‘flx.i(sin‘1 x)
dx dx

Differentiating the following w.rt. x: ¥

Let y=¢*
By using the quotient rule, we obtain

% =% =(exa):exg.%(x3) —e* .3x2 =3x%"
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-1 A—X

Differentiating the following w.rt. x: sin(tan™e™)

-1 A—X

Let y=sin(tan™e™)
By using the chain rule, we obtain

% : %[sin (tan’1 e )J

:Cos(tanlex).%(tanl ’X)

= cos(tan‘l e‘x).;.i(e‘x)
+

_cos(tane™) g

1+

e *cos(tante™*
= 14(_ e—2x ) X (-1)

-1 4—X

—e‘Xcos(tan e )

1+

Differentiating the following w.rt. x: log(cose*)

Let y= Iog(cosex)
By using the chain rule, we obtain
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%z%[log(cosex)]

1 d
cose dx(cose)

1 . d
- .(—smex).&(ex)
—sine* o
cose*

=—e*tane®, e* ¢(2n+1)%,ne N

Differentiating the following wirt. x: e* +&< +...+¢&°

d X | X X
&<e +e +...+e)
d X d X2 X d
= () + (e )+dx( ) (e *d—( )

)
:ex{exzx%(xz} [ J+[ex4 } [sz%(xs)}
:ex+(exzx2x) (e x3x) (e x4x3 )+( x5x)

2 3 4 5
=e* +2xe* +3x%e* +4x%* +5x%e*

Differentiating the following w.rt. x: Ve x>0

Let y:\/eﬁ

Then, y? =e¥
By Differentiating this relationship with respect to x , we obtain
y =e”

[By applying thechain rule]

:Zy%:eﬁ%(ﬁ)
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d <1 1
:>2yd—i=e’f§.ﬁ
dy_ e”
dx 4y
dy_ e”
dX_4 eﬁ\/;
d e
d_§:4 xef,x>0

Differentiating the following w.rt. x:log(logx),x>1

Let y=log(logx)

By using the chain rule, we obtain
dy d
—=—/1log(logx
" g La(togx)]
1 d
= —(I
I og x dx( ng)
1 1

Differentiating the following w.rt. x: foﬂ, x>0
0g X

log x

By using the quotient rule, we obtain
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dy :X(cosx)x log X - cOs X x:X(Iog X)

dx (log x)2

. 1
—sinxlogx—cosx X =
X

(log x)2
_ —[xlog x.sinx+cosx]
x(log x)2

x>0

Differentiating the following w.r.t. x: cos(log X+e* ) ,X>0

Let y=cos(logx+e”)
By using the chain rule, we obtain
y = cos(log x+¢")

%z_sin[log x+ex].%(|09X+ex)

:sin(logx+ex),{%(|og X)+%(ex)}
=—sinlog x+ex),(%+er

:(1+ex]sin(logx+ex),x>0
X

Exercise 5.5

Differentiate the following with respect to x.
COS X.COS 2X.C0S 3X
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Let y=cos X.cos2X.cos3x

Taking logarithm or both the side, we obtain

log y = log (cos x.cos 2x.cos 3x)

= log y = log(cos x)+log ( cos 2x) + log(cos 3x)

Differentiating both sides with respect to x, we obtain
y dx cosx dx

d sinx sin2x d sin3x d

&y _ y{ (2%)- (3x)}

d
cost'&( )+0033x'&(0083x)

dx cosX €os2x dx cos3x dx
% =—C0S X.C0S 2X.C0s 3x[ tan X + 2 tan 2x + 3tan 3x]
X

Differentiate the function with respect to x.

\/ (x-1)(x-2)
ey e

et y:\/( (x-1)(x-2)

x—3)(x—4)(x-5)
Taking logarithm or both the side, we obtain

(x-1)(x-2)
(x=3)(x—4)(x-5)

(x-1)(x-2) }

1
= log y=§'°g{(x-3)(x—4)(x‘5)

=logy =%[log{(x—l)(x—z)}—mg{(X—3)(X_4)(X_5)}]

log y =log

= log y:%[Iog(x—1)+Iog(x—2)—|og(x—3)—Iog(x—4)—|og(x—5)}

Differentiating both sides with respect to , we obtain
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X
dy _y 1 N 1 B 1 B 1 B
dx 2{x-1 x-2 x-3 x—-4 x-5

,-,QZEJ (x-1)(x-2) { 1,111 1
(x=3)(x~-4)(x-5)

Differentiate the function with respect to x.
(Iog X)COSX

Let y=(logx)™"
Taking logarithm or both the side, we obtain
log y = cos x.log(log x)

Differentiating both sides with respect to x, we obtain

1y _d Il
e dX(cos x)x log (log x)+Cos X X dX[Iog(log X)]

1 dy . 1 d
—.—<L =—sinxlog(log x)+cos x x——.—(log x
:>y dx 9(log x) logx dx( 9%)

dy . cosx 1
= —==y| —sinxlog(log x)+—— x =
dx logx X

_Q_ cosx | COS X i
..dx_(logx) {xlogx smxlog(logx)}

Differentiate the function with respect to x.
Xx _ Zsinx

x-1 x—2_ x—3_ x—4_ X-5

|
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Let y=x*—2"
Also, let x*=u and 28"* =v

SLy=u-v
dy du dv
>——=—-—
dx dx dx
u=x"
Taking logarithm on both sides, we obtain
logu = xlog x
Differentiating both sides with respect to x, we obtain
ldu | d d
——=|—= logx + x x—(lo
u dx [dx(x)x P de( gx)}
du [ 1}
= —=u|lxlogx+xx=
dx X
du
= —=x"(logx+1
dx (log )
:>d—u= x* (1+log x)
dx
V= 25inx

Taking logarithm on both the sides with respect to x, we obtain

logv =sinx.log2

Differentiating both sides with respect to x, we obtain

1 dv d .

=.—=log2.—(sin x

v dx J dx( )
dv

= — =vlog2cos x
dx

= dv_ 2°" cos xlog 2
dx

% = X*(1+log x)— 2*"* cos x log 2
X

Differentiate the function with respect to x.
(x+3)*-(x+4)* - (x+5)*

Let
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y=(x+3)%-(x+4)* - (x+5)*
Taking logarithm on both sides, we obtain.
logy = Iog(x+3)2 + Iog(x+4)3 + Iog(x+5)4
= logy =2log(x+3)+3log(x+4)+4log(x+5)

Differentiating both sides with respect to x, we obtain
1Y 5 1 st dxiayrat dxis)
y dx X+3 dx X+4 dx X+5 dx
dy 2 3 4 ]
= —= + +
X+3 X+4 XxX+5]

= Y (x+3)%(x+4)*(x+5)" -

2 3 4 }
+ +
dx | X+3 Xx+4 x+5
:ﬂ:(x+3)2(x+4)3(x+5)4'_2(x+4)(x+5)+3(x+3)(x+5)+4(x+3)(x+4)}
dx i (Xx+3)(x+4)(x+5)

= % =(x+3)(x+4)*(x+5)° -[Z(X2 + 9%+ 20) + 3(X* + 9x +15) + 4(x* + 7x +12)]
X

% = (x+3)(X+4)*(x+5)°*(9%x* + 70x +133)

Differentiate the function with respect to x.

(Hz):x@*ﬂ

X

X 1
Let y =(x+%) + x(h;)

X 1+1
Also, let u :[x+1) and v= x( X]
X

S Y=U+v

dy du dv
=T =—+—
dx dx dx

Then, u= (x+1j
X

Taking log on both sides
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1 X
= logu :Iog(x+—]
X

1
= logu =xlog(x+;]

Differentiating both sides with respect to x , we obtain

ldu d 1 d 1
——=—(X)xlog| x+= |[+xx—| log| x+=
udx dx X dx X

1du

1 1 d 1

Z = =1xlog| X+= [+ XX———.—| x+=

dx X ( 1) dx X
x+;

:d——u lo (x+1)+ X x(x+—j
d J X ( 1 X
X+=
X
_ X_}
( 11 Sk
X+=||log| x+=|+
X X 1j
X+ =
X

ﬁ
>
+

;/

>

_I
o
«Q
>
+

< | =

N
+

< | >

NN

+ ||

[REN RN

1

V= x( x
Taking log on both sides, we obtain

1
logv=1log x{H;)

= Iogv=(1+1Jlogx
X

Differentiating both sides with respect to x, we obtain

)
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1 dv d 1 1) d
——= —(1+—j X Iogx+(l+—].—logx
v dx | dx X X ) dx

1dv ( 1) ( 1) 1
=>-—=| - |logx+|1+=|.=
v dx X X)) X

1dv logx 1 1
- =——o5 t-t3
v dx X X X

dv [—Iogx+x+1}

= —=y| —— "
dx X?

1

_av_ b J(L'OQX]

dx x?

Therefore, from (1),(2)and (3), we obtain

iE% 1) oyt
ﬂz(x+1j {X2—4+Iog(x+lﬂ+x( Xj(—XH 2Iong
dx X)) | X2+ X X

Y

Differentiate the function with respect to x.
(log x)* + X"

Let y=(logx)"+x'*

Also, let u =(|og X)Xand V= Xlogx

S Yy=Uu+v

Sy Qv (1)
dx dx dx

u=(logx)"
= logu =log [(Iog x)x]
= logu =xlog(log x)

Differentiating both sides with respect to x, we obtain
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Ldu_d xioglogx) + x -3 [log(log )]
udx dx dx
= ‘;—i = u{lx log(log x) + x.ﬁ.%(mg X)}

= 4 1ogx)*| log(logx) + .1
dx i logx X

— 3 og %" log(log x) + —~—
dx log x

N du _ (logx)" log(log x).log x +1

dx i log x
% =(logx)"[1+logxlog(logx)] ... (2)
V= Xlogx

= logv = log (x"*%")

= logv =log xlog x = (log x)2
Differentiating both sides with respect to x , we obtain

l1dv d

Z—=—]( 2

v dx dx[(Og X) ]

=1 o00gx).9 (logx)
v dx dx

ﬂ — leogx Iog X
dx X

:Q:ZX"’Q“.Iogx ...(3)
dx
Therefore, from (1),(2), and (3), we obtain

% = (log x)* *[L+ log x.log(log x)] + 2x"** - log x

Differentiate the function with respect to x
(sinx)* +sin*/x

Let y=(sinx)’ +sin /X
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Also, let u=(sinx)"and v=sin/x
Ly=Uu+v
Sy _du v (D)
dx dx dx
u=(sinx)"
= logu = log(sin x)’
= logu = xlog (sin x)
Differentiating both sides with respect to x, we obtain

ldu_d (x)x log(sinx)+x X %[Iog(sin X)]

udx dx

du . 1 d, .

— =u|1.log(sin X)+ X.——.—(sin X
~ X { g(sinx)+ sin x dx( )}

du . X . X

— =(sinx) | log(sin x)+——.cos x
:dx ( ) { g( )+sinx }

du . X .
:&z(smx) (xcot x+logsin x) (2)
v=sinx
Differentiating both sides with respect to x , we obtain
E}EE = ———————EE————__E' -E;%Z ('\/;Z]

()

dv 1 1
=—= =

dx  J1-x 2%

dv 1

- = ...(3

dx  2\x—x? ©

Therefore, from (1), (2) and (3), we obtain

dy 1
24 x—x?

i = (sinx)’ (xcot x+logsin x) +

Differentiate the function with respect to x.

COs X

X" +(sin x)
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Let y=x""+(sinx)™"

Also u=x""and v=(sinx)™"

LYy=u+v

Lo dd "
dx dx dx

u:Xsinx

= logu = log(x™™)
= logu =sin xlog x
Differentiating both sides with respect to x, we obtain

1d_u—di(sin x).log X +sin x_%(log X)

udx dx
du [ . 1}

= —=u=|cosxlogx+sinx-—
dx X

i xS‘"X[cosxlog x+w} ------ (2)
dx X

v=(sinx)™"

= logv=log(sinx)™"
= logv = cox log (sin x)

Differentiating both sides with respect to x , we obtain

%% = %(cos x) xlog (sinx )+ cos xx %[Iog (sinx)]

W v[—sin x.log (sin x)+cos x.i.i(sin x)}
dx sinx dx

dv . oeosx| . COS X
= —=(sinx)" | —sin xlogsin x+-———cos x
dx sin x

dv .
= ol (sinx)

COSX [

—sin xlogsin x +cot xcos ]|

= % = (sinx)™" [cot xcos x—sin xlogsin ]

Therefore, from (1), (2) and (3), we obtain
dy sinx i
—— =X

Sin X . coSX . .
5 (cosxlog x+—j+(sm )" [cosxcot x—sin xlogsin x]
X X

..03)
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Differentiate the function with respect to x.
XCOS X X2 +1
Xt
x“ =1

2

X“+1
Let :chosx+_
y x? -1
2
Also, let u=x***and v = X2 +1
X° -1
dy du dv
=2 =""4
dx dx dx
SY=U+V
u — XXCOSX

Differentiating both sides with respect to x , we obtain

%% = %(x).cosxlog x+x.%(cos x).log x + xcos x.%(log X)

du . 1
:&:u 1.cos x.log x+ x.(—sin x)logx+xcosx.;

du .
v XX (cox log x — xsin x log x + cos x)
X
du .
= — =x"**[cos x(1+log x) — xsin xlog X |
dx
X +1
V="
x- -1

:>Iogv=|og(x2+1)—log(x2 —1)
Differentiating both sides with respect to x , we obtain
1 dv_ 2x  2x
v dx x*+1 x*-1
2x(x* =1)=2x(x*+1
dv V{ (¢ -1)-2x( )}

j&_ (x2+1)(x2—1)
3@ _ X2 +1X -4x
dx x2-1 (x2+1)(x2—1)
dv —4x

= =T 2
dX (X2 _1)
Therefore, from (1), (2) and (3), we obtain

.2
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4x
(¢ -2y

dy _

™ x*** [ cos x(1+log x) — xsin xlog x |-

Differentiate the function with respect to x.
1
(xcosx)" +(xsinx)x

1
Let y=(xcosx) +(xsinx)x
1
Also, let u=(xcosx) and v=(xsinx)x
S Y=U+V
_ Oy _du dv e
dx dx dx

u=(xcos x)2

= logu = log (xcos x)"

= logu = xlog(xcos x)

= logu = x[log x +log cos ]

= logu = xlog x + x log cos x

Differentiating both sides with respect to x , we obtain

l1du d d
i _&(x+ log x)+&(xlogcosx)
:(:I_;J( = uHIog x.%(x)+ x.%(log X)}+{|09005 X-%(X)JFX'%(IOQ cos X)H

S du_ (xcos x)* (Iog X1+ x.i)+ {lOQCOSX 1+ X'L'i(cos X)}
dx X cosx dx

:d_u = (xcosx)* (Iogx-1+ x-1j+{logcosx-1+ x-i.i(cosx)}
dx X cosx dx

:>(cjl_u =(xcosx)’ {(Iog x+1)+{log cosx+i.(—sin X)H

X COS X
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du X
=< =(xcosx)*[ (1+logx)+(logcosx—xtanx) |

du x
= = (xcosx)*[1-xtan x+(log x+logcos x) |

du X
= =(xcos x)*[1—xtan x+log(xcosx) |

=(xsin x)§
1

= logv =log (xsin x)x

= Iogv:élog(xsin X)
= logv :%(Iog x+logsin x)

1 1 .
= logv ==log x+—logsin x
X X

Differentiating both sides with respect to x , we obtain

ldv _ d( Iong+%[x|09(5inx)}

vdx dx

2 2} ] 2 ]
1

L1
X

zlﬂ— |ogx[—ij+ 1 log (sin x) (—ij+lii(smx)
v dx 1 X)) x'x U x?*) x'sinx dx

zlﬂzé(l—log x){— log(sinx) , 1 .COSX}

2

v dx X XSin X
1 - —log(sin x)+ xcot x
:lﬂ iz(xsmx)x+{ Icz)gx+ o 2) }
vdx x X X
~1[1-logx—1log(sinx)+ xcot x
= ™ (xsm X)x g g)((z ) }

|

2

:% = (xsin x)x

1—log (xsin x)+ xcot x
X i X

Therefore, from (1), (2) and (3), we obtain
dy _

xcosx 1—xtanx+log(xcosx) |+ xsmxf
dx

X

xcot X +1—log(xsin x)}
2
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Find d—yof function.

dx
X +y* =1

The given function is x* +y* =1
Let XY =uand y*=v
Then, the function becomes u+v=1

u=x’

= logu =log(x)

= logu = ylog x

Differentiating both sides with respect to x , we obtain

1ldu dy d
=logx—= —(lo

Cax 109X gt Y g 109 X)
:d—u—u{logxd—eryl}

dx dx 7 x
:d—u—xy(logxdy yj

dx dx x

....... (2)

v=y*

= logv =log(y*)
= logv=xlogy
Differentiating both sides with respect to x , we obtain

1 dv
=logy- —(X)+x —(log y)

v dx
:>dv_v logy-1+x-= L.dy
dx y dx
—=y*(logy+5d—yj
y dx
..(3)

Therefore, from (1), (2) and (3), we obtain
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dy 'y x x dy
Y logx—=2 + 2 | 22 1=0
X (ogxdx+xj+y (ogy+ydxj

= (x2 +log X+ xyy‘l)% :—(yxy‘l +Yy*log y)

Jdy  yx7+y*logy

Tdx o xYlog x4 xy*?

Find d—yof function y* =x
dx

The given function is y* =x’

Taking logarithm on both sides, we obtain.

xlogy = ylogx

Differentiating both sides with respect to x, we obtain

d d d d
log y.&(x)+x.&(log y)=log x.&(y)+ y.—(logx)

dx
T g, 1
:Iogy.1+x.y.dx_logx.dXer.X
:>Iogy+§%=logx%+z
= 5—Iogx]ﬂzl—logy
y dx x

N x—ylogx]y:y—xlogy

y dx X
N x—ylogx]ﬂ:y—xlogy

y dx X

.dy _y[y—xlogy
Cdx x{ x—ylogx
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Find %of function (cosx)’ =(cosy)’

The given function is (cosx)’ =(cosy)"*

Taking logarithm on both sides, we obtain.

y =logcosx =xlogcosy

Differentiating both sides with respect to x , we obtain

Iogcosx-ﬂ + y-i(logcosx) =logcos y-i(x) +X- i(Iogcos y)
dx dx dx

dx
dy 1 d 1 d
logcos x.—+y.——.—(cos x) =log cos y.1+ X.——.—( cos
=9 dx+ycosx dx( J=logcosy.1+ cosy dx( Y)
:>IogcosxﬂJrL.(—sinx):Iogcosy+L(—siny).ﬂ
dx cosx cosy dx

= Iogcosxﬂ—ytanx: logcosy — xtan y%
dx dx

= (logcos x+ x tan y)%= ytan x +logcosy

. dy _ytanx+logcosy
“dx  xtany+logcosx

Find j—yof function xy =e*
X

The given function is xy =e®*)

Taking logarithm on both sides, we obtain.

log(xy) = log (ex‘y)

= logx+logy=(x—y)loge

= logx+logy=(x—y)x1

=logx+logy=x-y

Differentiating both sides with respect to x , we obtain
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d d dy
—(logx)+—(logy)=—(x)——
ax 1097+ g (109) = () =55

1,1dy , 1
X ydx = X
:(1_}_1]%:)(__1
yJdx X
Cdy  y(x=))
Tdx o x(y+1)

Find the derivative of the function given by f (x)=(1-x)(1+x*)(1+x*)(1+x*) and hence find

t@

The given relationship is f (x) =(1—x)(1+ xz)(1+ x4)(l+ x8)
Taking logarithm on both sides, we obtain.
log f (x) =log (1+x)+log(1+x*)+log(1+x*)+log (1+x°)

Differentiating both sides with respect to x , we obtain

Lt @ oot e D t00(1ex) - g (1o
W'_x[f(x)]_dx Iog(1+x)+dx log (1+x )+dx log (1+x )+dx log (1+x°)
1 d

1 1 1

. 1 d 1 d 1 d
— f =—— —(1 — = (1+x? — (1) +—— . —(1+ X8
= f(x) (x) 1+X dx( +X)+1+x2 dx( X )+1+x4 dx( X )+1+x8 dx( +X)
+ = 2X+ -4 + 1 8.8x7}
1+x 1+X 1+x 1+x

= (x)= 1 (x){
2x  4x*  8x’

: 1
()= (14 x) (14X (14 x4 ) (1+ XS)LH(JFH RSP xs}

3 7
Hence, f'(1) :(1+1)(1+12)(1+14)(1+18)LJ1r 7+ fﬁz +14ﬁ4 +fjlls}
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= 2X2X2x2 l+E+ﬂ+§
2 2 2 2
:16){%}
2
:16x%:120

Differentiate (x> —5x+8)(x® +7x+9) in three ways mentioned below

i. By using product rule.
ii. By expanding the product to obtain a single polynomial
iii. By logarithm Differentiate
Do they all given the same answer?

Let y =(x2 —5x+8)(x3 +7x+9)

(i) Let x=x*-5x+8and u=x*+7x+9
Ly=uv
_dy_du v

=—V+Uu.—
dx dv dx

:%:%(xz —5x+8).(x3+7x+9)+(x2 —5x+8).i(x3+7x+9)

:%=(2x—5)(x3+7x+9)+(x2 ~5x+8)(3x*+7)

:>%:2x(x3+7x+9)—5(x3+7x+9)+ X2 (3x2 +7)—5x(3x2+7)—8(3x2+7)

(By using product rule)

= % - (2x4 +14x%2 +18x)—5x3 —35x—45+(3x4 +7x2)—15x3 — 35X+ 24x% +56
X

% =5x* —20x% + 45x* —52x +11

(i)
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y:(x2—5x+8)(x3+7x+9)
:x2(x3+7x+9)—5x(x3+7x+9)+8(x3+7x+9)
= X° +7x*> +9x% —5x* —35x* — 45X +8x%> + 56X + 72
= X° —5x* +15x° — 26X* +11x + 72

Jdy _d

. —(x5 —5x* +15x3 — 26X° +11x+72)
dx dx

d d d d d d

=&(xs)—5&(x4)+15&(x3)—26&(x2)+11&(x)+&(72)
=5x" -5 X 4x*+15x 3x* =26 X 2x +11x 1 +0
=5x* —20x® +45x° —52x +11

(iii) Taking logarithm on both sides, we obtain.

logy = Iog(x2 —5x+8)+ Iog(x3 +7x+9)

Differentiating both sides with respect to x , we obtain

ldy d

;azalog(xz —5x+8)+%log(x3+7x+9)
1

1ﬂ:%.i(x2—5x+8)+3—.i(x3+7x+9)
ydx x°—-5x+8 dx X*+7x+9 dx

o y{;x(2x-5)+;x(3x2 +7)}

dx x? —5x+8 X2 +7x+9
B _ 2
:ﬂ:(x2—5x+8)(x3+7x+9) 32X > + 33X +7
dx | X*=5x+8 X +7x+9

:%:(xz —5x+8)(x3+7x+9

S~—"

(2x-5)(x° +7x+9)+(3x2 +7)(x2 —5x+8)
(x2 —5x+8)+(x3 +7x+9)

:3 =2x(x3 +7x+9)—5(x3 +7x+9)+3x2(x2 —5x+8)+7(x2 —5x+8)

d =5x° —20x° +45%x% —52x +11

dy
X
W (2x* +14x* +18x) ~5x° —35x — 45+ (3x" —15x° + 24" ) + (7x* — 35X +56)
dx
.
X

From the above three observations, it can be concluded that all the result of g—yare same.
X
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If u,vand ware functions of x, then show that i(u.v.w) = %v.w+uy.w+ u.vd—W
dx dx dx dx

In two ways-first by repeated application of product rule, second by logarithmic differentiation.

Let y=uv.w=u.(v.w)

By applying product rule, we obtain
dy = d—u.(v.w)+ u.i(v.w)

dx ax (Again applying product rule
dy du dv dv g PPIYINg P )
L = VW+U| —.W+V.—

dx dx dx dx

dy du dv dw
= —=—VW+U—W+UV—
dx dx dx dx
By taking logarithm on both sides of the equation y = u.v.w, we obtain
logy =logu+logv+logw
Differentiating both sides with respect to x, we obtain
1dy d
ydx  dx
1dy 1du 1ldv 1dw

ydx udx vdx wdx
dy (ldu 1dv 1dwj
9y

(log u)+%(logv)+%(log w)

udx vadx W&
dy (Ed_u 1dv 1dw}

dx “ludx vdx

=2 =UV.W L
dx udx vdx wdx

dy du dv dw
== =—VW+U—.W.+UV.—
dx dx dx dx

Exercise 5.6

If x and y are connected parametrically by the equation, without eliminating the parameter,

find d_y
dx
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X =2at?, y=at*

The given equations are x =2at® and y = at*

Then,

o _ g(2at2) = 2a.£(t2) =2a.2t =4at
dt dt dt

% zg(at“)a.g(t‘l) =a-4-1° =4at®
dx dt dt

dy
cdy (dt) d4at®

“dt_(dX)_ 4at
dt

t2

If x and y are connected parametrically by the equation, without eliminating the parameter, find
dy

dx

x=acos0, y=bcos6

The given equations are x =acos6 and y =bcos6

Then, ax_ i(acose) =a(-sin0) =-asino
do do

Y _ 4 1 cos6) = b(—sin6) = —bsin 6

do do

dy
.dy(de) _-bsin6 b
"dx(de -asin® a

de
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If x and y are connected parametrically by the equation, without eliminating the parameter, find
dy
dx

X =sint, y = cos 2t

The given equations are x =sint and y =cos2t
dx

Then, — = E(sint) = cost

dt dt
dy _ i(cos 2t) =—sin2t- i(2t) =-2sin2t
dt dt dt

o
dy _\dx) _ —-2sin 2t _ —2-2sintcost _ _4sint

dx (de cost cost
dt

If x and y are connected parametrically by the equation, without eliminating the parameter, find
dy

dx

x=4t,y=%

The equations are x =4t and y:ﬂ
dx d

—=—(4t)=4

dt dt( )

& _8(4) 4. 8(1)_4 (L) 4
dt  dt\t dt\t t t

Ay _

“dx (dxj 4 t2
dt
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If x and y are connected parametrically by the equation, without eliminating the parameter, find
dy
dx

X =C€0S0—Cc0s20, y =sin6—sin20

The given equations are x =c0s6—cos260 and y =sin0—sin20

dx d

d d
Then, — = —(c0s0 —c0s20) = — (cos0) — — (cos 20
do de( ) de( ) de( )

=—sinB(—2sin26) = 2sin26 —sind

dy d . : d . d .
—Z = —(sin0®—sin20) = ——(sinB) — ——(sin 20
de de(I n26) de(I ) de(I )

=Cc0s0—2co0s0

dy
.dy (de)_ cos6—2cos
" dx (de 2sin20 —sin®

de

If x and y are connected parametrically by the equation, without eliminating the parameter, find
dy
dx

x=a(0—sin0), y =a(l+cos6)

The given equations are x=a(6—sin®) and y =a(l+cos0)

Then, % = a{die ©) —die(sin 6)} =a(l-cos0)
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dy __[d d _ o .
— a{de(l)ere(cose)} a[0+ (-sinB)] =—asin®

do
(dyj —2sin Qcosg —cosg
cdy _\de)_ -asing _ 2 2 _ 2 _ _cot?
Cdx (dx)  a(l-cos0) Zsinzg Sing 2
do 2 2

If x and y are connected parametrically by the equation, without eliminating the parameter, find
dy
dx
sin’t cos’t
X= , y =
Jeox2t Jcos2t

sin’t cos’t

The given equations are X = and Y= ——
: | \/cos 2t y \/cos 2t

=3
Then,% d{ smt}

dt  dt Jcos2t
Jcos 2t —gt(sin3t) —sin’t- gt\/cos 2t

cos 2t

1

] d,. . d
Jcos2t -3sin?t- — (sint) —sin®t x .~ (cos2t
_ dt( ) 2+/cos 2t dt( )

cos 2t

Th3
3J/cos2t -sin?tcost — sin"t -(—2sin 2t)

2«\/cos 2t

Cc0S 2t+/c0s 2t
3cos2tsin®tcott +sin?tsin 2t
C0S 2t~/c0os 2t

dy d

d cos’t
dt  dt| Jcos2t
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Jcos2t -gt(cose‘t) —cos’t -:t(»\/cos 2t)

cos 2t

cos2t3cos’t - — (cost) —cos’t - —(cos 2t
v €0~ zm 1, €052

cos 2t

] 1 )
3./cos 2t cos? t(—sint) — cos°t. (=2sin 2t
_ ( ) \Jcos 2t \ )

cos 2t
_ —3cos2t.cos’t.sint +cos’tsin 2t
cos 2t - /c0s 2t

dy
dy(dtj —3¢0s2t - cos’t + cos’ tsin 2t
' dx(dx) 3cos 2tsin?tcost +sin’tsin 2t
dt

_ 3cos2t.cos’tsint + cos’t(2sintcost)
3cos 2tsin®-cost +sin*t(2sintcost)

_ sintcost[-3cos2t - cost + 2cos’ t]
sintcost[3cos 2tsint + 2sin’t]

[—3(2005 t —1)cost + 2cos’ t] cos2t = (2cos’t —1)
[3(1 2sin’t)sint + 2sin® t] cos2t = (1-2sin’t)

—4cos’t +3cost cos3t = 4cos’t —3cost
3sint —4sin’t Lin3t =3sint —4sin’t }
—cos3t
~ sindt
=—cot3t

If x and y are connected parametrically by the equation, without eliminating the parameter, find
dy
dx

= a(cost +logtan %j y =asint
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The given equations are x = a(cost +log tan %) and y =asint

Then, %za- i(cost)+£(logtan£j
dt dt dt 2
=a —sint+it-i(tan£)
tan — dt 2

. t Lt dft
=a|-sint+cot—-sec”—-—| —
I 2 2 dt\2

X X —
sine cos?~ 2
. 1
=a| —-sint+
.t t
2sin—CcoS—
L 2 2
) 1 j
=a| —-sint + —
sint
—sin’t+1
sint
cos’t
=a -
sint
dy

— = ai(sint) = acost
dt dt

dy
cdy _(dt)_ acost _ sint

c = = = = tant
dx (dx cos’t) cost
ax gt t
dt sint

If x and y are connected parametrically by the equation, without eliminating the parameter, find
dy

dx

X=asec, y=btano
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The given equations are x=asec and y=Dbtan©

Then, %:a-i(sece)zasecetane

de de
ﬂ:b-i(tane)zbsecze
de de

o)

2

Q: o) _ bsec” :Esececotezﬂzgx_izgcosece
dx (dxj asecOtan® a acos@sin® a sin® a

de

If x and y are connected parametrically by the equation, without eliminating the parameter, find
dy

dx

x =a(cosO + 0sinB), y = a(sin6 —O6cosO)

The given equations are x =a(cos0+06sin6) and y =a(sin®—0cos0)
dx d d . i d, . . d
Then, — =a| —c0s0+—(6sin0) |=a| —sin0+6—(sinO) +sin6— (6
do {de 30 )} { TGO+ de()}
=a[-sin0+06cosO +sinO6] = abcosO
%:a{%(sine)—%(ecose)}:a[cose—{e%(cose)+c039-%(6)H
= afcosO + 6sin 0 —cos 0]
=aosind

dy
cdy \do) afsind

"&_(de_aesine_
do

tan©
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If x=+a"" ™, y=+ya™™, show that % -y
X X

The given equations are x =+a™* and y=a™*
X :wjas"‘—lt and y = facosflt

—~x= (asin—lt) and y = (acos—lt );

1sin—lt L cos—1t

=>Xx=a? and y=a?
. lsin—lt
Consider x =a?
Taking logarithm on both sides, we obtain.

logx = %sinltloga

1 dx 1 d, .
S =.—="loga-—(sint
g dt( )

Xx dt 2

Then, consider
Leostt

y=a’
Taking logarithm on both sides, we obtain.

logy = %cos‘lt loga
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1 dy 1 d 4
. —loga-—(cos™t

y dx 2 d dt( )

dy yloga [ -1

dt 2 J1-t2
:>dy —yloga

dt  2y1-t?

() 2%
Jdy _\dt) _\2y1-t* )y

"dx_(dx)_( xloga]_ X
) {2y1-t2

Hence proved.

Exercise 5.7

Find the second order derivatives of the function. x* +3X +2

Let y=Xx"+3X+2

Then,

gy (x)+ (3x)+—(2) 2X+3+0=2x+3
X
'd—zyz—(2x+3):—(2x)+—(3):2+0:2
Cdx® dx dx dx

Find the second order derivatives of the function. x*

Let y=x*
Then,
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dy (XZO) 20X19
dx

2
.'.%z—(ZOxlg) 2o ~(x°) =20-19-x* = 380x"

Find the second order derivatives of the function. X-cosx

Let y=X-cosx
Then,

dy =i(x-cosx) = cosx-i(x)+ xi(cosx) =C0S X -1+ X(—sin X) = cos X — Xsin x
dx dx dx dx

2
% =di[cosx—sin X]= di(cos X) —di(xsin X)
X X X X
) . d d .
= —smx—[smx-—(x)+ X-—(sin x)}
dx dx

=—sin X — (Sin X + COS X)
=—(XC0S X + 2sin X)

Find the second order derivatives of the function. logx

Let y=1logx
Then,

dy d

b A - =
dx dX(ogx)

oy 8 (1)
Tk odxlx)
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Find the second order derivatives of the function. x*log x

Let y=x*logx
Then,
% = %[ﬁ log x] = log x-%(x?’) +x° ~%(Iog X)

=logx-3x*+x*-==logx-3x* + x*

< |~

= x*(1+3log x)

Cdiy do,

= (1+3logx) '%(xz) + XZ%(H 3log x)

=(1+3logx)-2x+x°-

> | w

=2X+6logx+ 3x
=5x+6xlog x
=X(5+6log x)

Find the second order derivatives of the function. e*sin5x

Let y=e*sin5x

dy d, . . d Ldo .
i dx(e sin5x) =sin xdx(e )+e dX(sm X)

=sin5x-e* +e*-cos5x - %(SX) =e*sinbx+e"cos5x-5
=e”(sin5x + 5c0s5Xx)

2
% = %[ex(sin 5X +5c05X) |

= (sin5x + 5¢c0s5x) -i(ex) + ex.i(sin 5X +5c0s5X)
dx dx
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= (sin5x +5cos5x)e* + e* |:COS5X . %(5X) +5(-sin5x) - %(5X)}

=e*(sinbx +5c0s5x) + e*(5¢c0s5x — 25sin5x)
Then, e*(10cos5x —24sin5x) = 2e*(5¢cos5x —12sin5x)

Find the second order derivatives of the function. e®* cos3x

Let y=e*cos3x
Then,

@ _ i(e6X c0s3X) = COS3X - i(e“) +e% -i(COS3X)
dx dx dx dx

=cos3x-e™ . i(6x) +e% . (=sin3x)- i(3x)
dx dx

=6e™ cos3x —3e™sin3x....... (1)

2
d—zl _d (6% cos3x —3e™sin3x) =6- d (e® cos3x) —3- d (e**sin3x)
dx® dx dx dx
=6-[ 6e” cos3x —3e™sin3x | —3-{sin3x : i(eGX) +e% -i(sin 3x)} [using (1)]
dx dx

— 36e%* cos3x — 18 sin 3x — 3[sin3x .e% .6+ e% . cos3x —3]
= 36e% cos3x —18e® sin3x —18e°*sin 3x — 9e®* cos 3x

= 27e% cos3x — 36e°* sin 3x
=9e%*(3c0s3x — 4sin 3x)

Find the second order derivatives of the function. tan™ x

Let y=tan™"x
Then,
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dy d g 1
= (t —

dx dx(an ¥ 1+x°

d’y d( 1 d ot o d ) 1 2X
= -2 —(-1).( O _ oy —

dx’ dx(1+x2j dx(+x) (D) (L) dx(+x) (1+X2)2X X 1+ x%)?

Find the second order derivatives of the function. log(log x)

Let y=1log(logx)

Then,

% = %[Iog(log X)] = % : S—X(Iog X) = ﬁ =(xlogx)™
(;—)2(2/ = %[(x log x)‘l] = (-1 - (xlogx)~? %(x log x)
=m{logx-%(x)+x-%(logx)}

Find the second order derivatives of the function. sin(logx)

Let y =sin(logx)

Then,
% = i[sin(log X)] = cos(log x) - i(Iog X) = cos(logx)
X dx dx X

. d_zy_i[cos(logx)}
Cdx® dx X
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X i[cos(log X)] —cos(log x) - d (x)
__ dx dx

2

X

x{—sin(log X) -(;jx(log x)} —cos(logx) -1

X2

—xsin(logx) - i —cos(log x)

X2

_ —{[sin(log x) + cos(log x)]
X2

d’y

X2

If y=5cosx—3sinx, prove that +y=0

It is given that, y=5cosx—3sinx

Then,

dy d d . d d,.
—Z =—(5c05X) ——(3sin X) =5—(cos X) —3—(sin X
dx dx( ) dx( ) dx( ) dx( )
=5(—sin x) —3cos x = —(5sin x + 3cos X)

d’y d .

c.—==—/[—(5sIn X + 3Cc0s X

dx? dx[( " )

- _[5-%(sin X) +3-%(C05X)}

=[5c0s x + 3(-sin x)]
=—5co0s x —3sin x]
=-y

2
dy +y=0

Hence, proved.
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2

If y=cos™x, find % in terms of y alone.
X

It is given that, y =cos™x
Then,

1

y_ i(cos’1 X) = s —(1- xz)%

dx dx afl_ X2

Yy =C0S ' X=>X=CO0sY
Putting x =cosy in equation (i), we obtain

d’y  —cosy

J -
dx \/(1—0052 y)3
d’y  —cosy

J =

dx \/(sinz y)3

—Cosy

sin’y

_—cosy 1
siny  sin’y

=

2
= d_z/ = cot y - cosec’y
dx
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If y=3cos(logx) +4sin(log x), show that x*y, +xy, +y=0

Solution 13:
It is given that, y =3cos(logx) +4sin(logx) and x*y, +xy, +y=0
Then,

y, =3 %[cos(log X)]+4- &[sin(log X)]

=3- {—sin(log X) -%(Iog x)} +4. [cos(log X) - %(Iog X)}

_ —3sin(log x) N 4cos(logx) _ 4cos(log x) —3sin(log x)
B X X X

_ d ( 4cos(log x) —3sin(log x)

Y = dx

X
.y {4cos(log x) —3sin(log x) }'— {4cos(log x) —3sin(log x) } (X)'

- 2

. [ 4{cos(log x)} - {-3sin(log x)} ] {4cos(log x) —3sin(log x)} -1

y [-4sin(log x) - (log x) —3cos(|og x)(log x)'] —4cos(log x) +3sin(log x)
X2

{—4sin(log x))l( —3cos(log x) )1(} —4cos(log x) + 3sin(log x)

=X 2

X
_ —4sin(log x) —3cos(log x) —4cos(log x) + 3sin(log x)
= "
_ —sin(log x) — 7 cos(log x)
= v
XY, XY Y

_ 2 (—sin(log X) —27 cos(log x) j N X(4cos(log x) —3sin(log x)
X

X
= —sin(log x) — 7 cos(log x) + 4cos(log x) — 3sin(log x) + 3cos(log x) + 4sin(log x)
=0

Hence, proved.

) +3cos(log x) + 4sin(log x)



Class XII - NCERT — Maths Chapter 5
Continuity and Differentiability

2

d°y
2

If y=Ae™ +Be™,

—(m+n)ﬁ+mny=0
dx

It is given that, y = Ae™ + Be™
Then,
dy d d m w d - .
ix Ad( ") + B-&(e Y=A-e -&(mx)+B-e -&(nx)_Ame +Bne
d’y
dx?

2 ANX

= Am-e™ -di(mx) +bn-e™ -%(nx) = Am’e™ + Bn%

d d d
=—/(Ame™ + Bne™ )= Am-— (™) + Bn-—(e™
dx( * ) dx( )+ dx( )

d?%y
Sl
= Am’e™ + Bn’e™ — (m+n) - (Ame™ + Bne™) + mn(Ae™ + Be™)
= Am?ex™ + Bn%™ — Am?ex™ — Bmne™ — Amne™ — Bn%e™ + Amne™ + Bmne™
=0
Hence, Proved.

—(m+ n)—+ mny

2
If y=500e™ +600e ", show that % 49y

It is given that, y =500e” +600e "
Then,

Y _ 500- i(e”) +600- i(e‘”)
dx dx dx

=500-¢e"™ -i(7x) +600-¢7 -i(—7x)
dx dx

= 3500e"™ —4200e "

d?y d . d
c.—=2=3500-—(e™)—-4200.- — (e *
dx? dx( ) dx( )
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=3500-e’ -i(7x) —4200-¢7" -i(—7x)
dx dx

=7x3500-e* +7x4200-e '~
— 49x500e”* + 49 x 600"
- 49(500e” ¥ 600e‘“)

=49y
Hence, proved.

2 2
If e¥(x+1) =1, show that dy _ (ﬂj

dx*> \dx

The given relationship is e’ (x +1) =1
e'(x+) =1
1

=>e'=—+
X+1

Taking logarithm on both sides, we obtain

y=log

(x+1)
Differentiating this relationship with respect to x, we obtain
ﬂ:(x.ﬂ_)i 1 =(X+l)-_—12=_—l
dx dx{ (x+12) (x+D° x+1

Sy 8 (L) (L)t
T dx \x+1) ((x+1)? ) (x+1)?

Hence, proved.
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If y=(tan™x)?, show that (x2 +1)2 Y, +2X(X* +1)y, =2

The given relationship is y = (tan™ x)?
Then,

d
=2tan*x— (tan* x
Yi OIX( )

=y, =2tan"x-

1+ x?

= (1+ %)y, = 2tan ' x
Again differentiating with respect to x on both sides, we obtain

(1+ x2) Y, +2xy, = 2(1+1x2j

= (1+ x2) Y, +2X(1+X?)y, =2
Hence, proved.

Exercise 5.8

Verify Rolle’s Theorem for the function f(X)=Xx"+2x-8, x €[-4,2]

The given function, f(x)=x*+2x—8, being polynomial function, is continuous in [4,2] and
is differentiable in (—4,2) .

f(-4) =(—4)* +2x(-—4)-8=16-8-8=0

f(2)=(2)°+2x2-8=4+4-8=0

S f(-4)=1(2)=0

= The value of f(x) at —4 and 2 coincides.

Rolle’s Theorem states that there is a point ¢ € (—4,2) such that f’(c)=0
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f(x)=x*+2x-8
= f'(x)=2x+2
- f'(c)=0
=2c+2=-1
=c=-1
c=-1e(-4,2)

Hence, Rolle’s Theorem is verified for the given function.

Examine if Rolle’s Theorem is applicable to any of the following functions. Can you say some
thing about the converse of Roller’s Theorem from these examples?

. f(X)=[x] for x€[5,9]

i. f(xX)=[x] for xe[-2,2]

iii. f(x)=x"-1"forxe[L2]

By Rolle’s Theorem, for a function f :[a,b] >R, if
a) f iscontinuous on [a, b]
b) f is continuous on (a, b)
c) f(a)=f(b)
Then, there exists some c € (a,b) such that f’(c)=0
Therefore, Rolle’s Theorem is not applicable to those functions that do not satisfy any of the
three conditions of the hypothesis.
(i) f(x)=[x] for xe[5,9]
It is evident that the given function f(x) is not continuous at every integral point.
In particular, f(x) is not continuousat x =5and x=9
= f(x) is not continuous in [5, 9].
Also f(5)=[5]=5and f(9)=[9]=9
~T(B)= (9
The differentiability of f in (5, 9) is checked as follows.
Let n be an integer such that n e (5,9)

The left hand limit limit of f at x =n is.
lim f(n+h)—f(n) :"m[n+hk:]|—[n]:"mn—i—n

x—0' h x—0' x—0'

The right hand limit of fat x =n is,
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[y ela) et Y el Gl L] DT LT
h—0' h h—0' h h—0' h h—0'
Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x = n

. T is not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s Theorem.
Hence, Rolle’s Theorem is not applicable for f(x)=[x] for x €[5,9].

(i) f(x)=[x] for xe[-2,2]

It is evident that the given function f(x) is not continuous at every integral point.
In particular, f(x) is not continuous at x=-2 and x=2

= f =(X) is not continuous in [-2,2]

Also, f(-2)=[2]=-2 and f(2)=[2]=2

L f(=2)= (2

The differentiability of in (—2,2) is checked as follows.

Let n be an integer such that ne (-2,2).

The left hand limit of fat x = n is,

lim - NEN = M) _p [nhI=In] ===t
h—0 h h—0' h h—0' h h—0' h

The right hand limit of f at x = n is,

im 1O+ =1() _ o In+hl=Ind o n=0 i 2o

h—0' h h—0' h h—0' h—0'

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x =n
. f is not continuous in (-2,2) .

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s Theorem.
Hence, Roller’s Theorem is not applicable for f(x)=[x] for x e[-2,2]

(iii) f(x)=x*-1for xe[L2]
It is evident that f, being a polynomial function, is continuous in [1, 2] and is differentiable in
1, 2).
f()=@1)>-1=0
f(2)=(2)°-1=3
L f@Q= (2
It is observed that f does not satisfy a condition of the hypothesis of Roller’s Theorem.
Hence, Roller’s Theorem is not applicable for f(x)=x*—1 for x [1,2].
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If f:[-55}>R isa differentiable function and if f’(x) does not vanish anywhere, then prove
that f(-5)= f(5).

Itis given that f :[-5,5}> R is a differentiable function.
Since every differentiable function is a continuous function, we obtain
a) fiscontinuous on [-5,5] .
b) fis continuous on (-5,5) .
Therefore, by the Mean Value Theorem, there exists ¢  (-5,5) such that
fii= 1O f(5)
5-(-5)
=10f'(c)= f(5)— f(-5)
It is also given that f’(x) does not vanish anywhere.
S f'(c)#0
=10f'(c)#0
= f(B)-f(-5) =0
= f(5) = f(-5)
Hence, proved.

Verify Mean Value Theorem, if f(X)=x"—4x—3 in the interval [a, b], wherea=1andb=4

The given function is f(x) = x*—4x—3
f, being a polynomial function, is a continuous in [1, 4] and is differentiable in (1, 4) whose
derivative is 2x—4

f(1)=1"-4x1-3=6, f(4)=4"-4x4-3=-3
 f0)-f(a)_f(@)-f@) _-3-(6) _3_

b—a 4-1 3 3 !
Mean Value Theorem states that there is a point ¢ e (1,4) such that f'(c) =1
f'(c)=1
=2c-4=1

:>c=§,wherec:§e(1,4)
2 2



Class XII - NCERT — Maths Chapter 5
Continuity and Differentiability

Hence, Mean Value Theorem is verified for the given function.

Verify Mean Value theorem, if f(x) =x*—5x*—3x in the interval [a, b], wherea=1and b =
3. Find all ¢ e(1,3) for which f’(c)=0

The given function fis f (x) = x* —5x* —3x
f, being a polynomial function, is continuous in [1, 3], and is differentiable in (1, 3)
Whose derivative is 3x* —10x—3

f(1)=1° -5x1* -3x1=-7, f(3) =3-3x3=27

f)-f@@_ fE-f@) _-27-(-7) _

-10
b-a 3-1 3-1
Mean Value Theorem states that there exist a point ¢ € (1,3) such that f’(c) =-10
f'(c)=-10

=3c¢*-10c-3=10
=3c¢°-10c+7=0
=3c¢°-3c-7c+7=0
=3c(c-1)-7(c-1)=0
=(c-)@Bc-7)=0

:>c:1,zwhereC=Ze(1,3)
3 3

Hence, Mean Value Theorem is verified for the given functionand ¢ = % € (1,3) isthe only point

for which f’(c)=0

Examine the applicability of Mean Value Theorem for all three functions given in the above
exercise 2.

Mean Value Theorem states that for a function f :[a,b] >R, if
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a) fiscontinuous on [a, b]

b) fis continuous on (a, b)
Then, there exists some c € (a,b) such that f’(c) = M
Therefore, Mean Value Theorem is not applicable to those functions that do not satisfy any of
the two conditions of the hypothesis.
(1) f(x)=[x] for x€[5,9]
It is evident that the given function f (X) is not continuous at every integral point.
In particular, f (x) is not continuous at x =5and x =9

is not continuous in [5, 9].

The differentiability of f in (5, 9) is checked as follows,
Let n be an integer such that n e (5,9).

The left hand limit of fat x =n is.

fim 1N =1 In+hl=ln] g n=t=n_ 0 =L
h—0~ h h—0~ h h—0~ h h—0~ h
The right hand limit of f at x =n is.

lim TN =) _ e In+hl=In] 0= o0

h—0* h h—0* h h—0* h h—0*

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x =n
. T is not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value Theorem.
Hence, Mean Value Theorem is not applicable for f(x)=[x] for x €[5,9]

(i) f(x)=[x] for xe[-2,2]

It is evident that the given function f (X) is not continuous at every integral point.

In particular, f (x) is not continuous at x=-2 and x=2

= f(x) is not continuous in [-2,2] .

The differentiability of f in (—2,2) is checked as follows.

Let n be an integer such that ne (-2,2).

The left hand limit of f at x = n is.

lim - NEN =) _ [ hI=In] =220 =t
h—0' h h—0' h h—0 h h—0 h

The right hand limit of fat x = n is.

fim (= T _ e NIy D20 o=

h—0 h h—0 h h—0 h h—0

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x = n
. T is not differentiable in (-2,2).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value Theorem.
Hence, Mean Value Theorem is not applicable for f(x) =[x] for xe[-2,2].
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(iii) f(x)=x"-1for xe[1,2]
It is evident that f, being a polynomial function, is a continuous in [1, 2] and is differentiable in
1,2
It is observed that f satisfies all the conditions of the hypothesis of Mean Value Theorem.
Hence, Mean Value Theorem is applicable for f(x)=x*—1 for x €[1,2]
It can be proved as follows.
f(1)=1-1=0, f(2)=2°-1=3
f)-f(d) f(2-f@ 3-0
" b-a  2-1 1
f'(x) =2x
- f'(c)=3
=2c=3

3

5 _ 1.5, where 1.5 €[1, 2]

=c==
2

Miscellaneous Exercise

Differentiate the function w.r.t x
(3x2 ~9x+5)’

Let y=(3x* —9x+5)°
Using chain rule, we obtain

ﬂ:i:(3x2—9x+5)9
dx dx

=9(3x* —9x +5)° -%(sz —9x+5)
=9(3x* —9x +5)° - (6x—9)

=9(3x* —9x +5)°-3(2x - 3)
=27(3x* —9x+5)°(2x - 3)
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Differentiate the function w.r.t X
sin® x + cos® x

Let y =sin®x+cos® x
dy d,. .. d, .
o =L =—(sin®x) + — (cos® x
dx dx( ) dx( )

=3sin® x-i(sin X) +6¢0s° X - i(cos X)
dx dx

=3sin® X - cos X + 6¢0s° X - (—sin X)
= 3sin xcos x(sin x — 2¢cos* x)

Differentiate the function w.r.t X
(5X)3005 2X

Let y — (5X)30052x

Taking logarithm on both sides, we obtain
log y = 3cos2xlog5x

Differentiating both sides with respect to x, we obtain

iﬂ = 3[Iog 5x- i(cos 2X) + COS 2X - i(Iog 5X)}

y dx dx dx

= dy =3y/| log5x(-sin 2x) - i(2x) + C0S2X - 1 i(5x)
dx i dx 5x dx

= ay _ 3y| —2sin xlog5x + cost}
dx L

= b 3y 30052 _ Bsin 2xlog5x}
dx . X

. ﬂ _ (5X)30052x |:3C0$2X
. = —X

—6sin 2x|ong}
dx
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Differentiate the function w.r.t x
sin’l(xﬁ), 0<x<1

Let y= sin’l(xﬁ)

Using chain rule, we obtain

Differentiate the function w.r.t X

Let y= NeFSL

By quotient rule, we obtain
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V2x+7 A'd(;j —(colesz OIX(2x+7)

éx+7

-1 X 2
2X+7—=— —|cost o |
_ N 4—x? ( 2}2\/2x+7
2X+7
X
e l 5
x/4—x2x(2x+7) (x/2x+7)(2x+7)
X
1 cos =
=— +

Ja—x22x+7 2x+ 7)2

Differentiate the function w.r.t x

cot J@+sinx) +/(L—sinx) Oex<l
J@+sinx) —J@d-sinx) | 2

et yzcotl[Jmsin X) +/—sin x)} 0

\/(1+ sin x) _\/(1—sin o

Then J@+sinx) +/(L—sinx)
" J@+sinx) —\/@—sinx)

(J1+sin X ++/1—sin x)2
- (\/1+sin X —/1—sin x)\/1+ sinX ++/1—sinx
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~ (L+sinx) + (L-sinx) + 2L +sin x) — (L —sin X)
- (1+sinx) — (1—sinx)

2+ 2y1-sin*x
B 2sin x

_ 1+cosx

~ sinx

2c0s2 X
2

Zsinicos5

2 2
—cot>
2

Therefore, equation (1) becomes
X
=cot™| cot=
g ( 2)

X
2
dy 1d
Tdx o 2dx
a1
dx 2

=y=

(x)

Differentiate the function w.r.t X
(logx)'™*,x >1

Let y = (logx)*®*

Taking logarithm on both sides, we obtain

log y =log x - log(log x)

Differentiating both sides with respect to x, we obtain
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%% = %[Iog x-log(log x)]

— iﬂ = log(log x) - i(log X) +logx- i[log(log X)]
y dx dx dx

:ﬂz y Iog(logx)-1+Iogx-i-i(logx)
dx X logx dx

= ay yF log(log x) + 1}
X X

dx B
dy log x 1 Iog(log X)}
S—==(1 ==
dx (logx) {x i X

Differentiate the function w.r.t x
cos(acosx + bsinx), for some constant a and b.

Let y =cos(acosx+bsinx)
By Using chain rule, we obtain
ﬂzicos(acosx+bsin X)
dx dx
dy . . d .
= —~ =-sin(acosx+bsinx)-—(acosx+bsinx)
dx dx

= —sin(acosx +bsin x)- [a(—sin X)+bcos x]

=(asinx+bcosx)-sin(acosx+bsinx)

Differentiate the function w.r.t X

. in x— T 3n
(sin x — cos x) " COSX)’Z X<

Let y= (sin X — COS X)(Sin X—C0S X)
Taking logarithm on both sides, we obtain
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logy =log [(Sin X —cos x)" X)}

= logy = (sinx—cosx)- log(sin x —cos x)

Differentiating both sides with respect to x, we obtain

ldy_4d

ydx dx

:iﬂ = Iog(sinx—cosx)oi(sin X —CO0S X) + (Sin x—cosx)-ilog(sin X —COS X)
y dx dx dx

[(sin x—cosx) - log(sin x — cos x) |

1 dy . . : 1 d, .
——==log(sin X —cos x) - (CoS X +Sin X) + (Sin X —c0S X) - ——————— - —(SIN X — COS X
:>ydx o ) )+ ) (sin x —cos x) dx( )

d . inx— . . .
= d_y = (sinx — cos X)"* ¥ [(cos X + sin x) - log(sin X — cos x) + (COS X +Sin X)|
X

% = (sinx — cos X) "~ (cos x + sin x) [1+ log(sin X — cos x)]

Differentiate the function w.r.t X
x*+x2+a*+a?, for some fixeda>0and x>0

Let y=x"+x*+a“+a"

Also, let xX* =u, x*=v,a*=wanda®*=s
SLY=U+V+W+S

dy du dv dw ds
L= — 4 —
dx dx dx dx dx
u=x"

= logu =log x*

= logu = xlog x
Differentiating both sides with respect to x, we obtain

1du d d
el il (1l
o dx 0g X dX(x)+x dX(ogx)
du [ 1}
= —=u|logx-1+x-=
dx X
du x
= — =x*[logx+1] = x*(1+log x) ...(2)

dx
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v=x?
Sav o d .
"dx_dx(x)

:>ﬂ:ax""‘1 .....(3)
dx

w=a"

= logw=loga*

= logw = xloga

Differentiating both sides with respect to x, we obtain

1 dw

d
= il
w  dx oga dx(x)

dw
= —=wloga
dx

dw

=—=a‘loga . 4)

dx
s=a?
Since a is constant, a? is also a constant.

ds
So—=0 5

i (5)
From (1), (2), (3), (4), and (5) , we obtain

% =x*(1+logx) +ax* " +a*loga+0

=x*(1+logx)+ax** +a*loga

Differentiate the function w.r.t X
X< 24+ (x=3)F, for x>3

Let y=x*"2+(x-3)"

Also, let u=x*"2and v=(x-3)"
SLYy=Uu+v

Differentiating both sides with respect to x, we obtain
dv du adv
_— = —
dx dx dx

X2 -3

u=x
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- logu = Iog(xx2’3)

logu =(x* -3)log

Differentiating both sides with respect to x, we obtain

ld_u: |Og)(-ix(x2 —3)+(X2 —3)%('09 X)

Also,

v=(x-23)"

- logv = log(x —3)*

= logv = x*log(x —3)

Differentiating both sides with respect to x, we obtain
L logx-3)- —( )4 %2 -di[mg(x -3)]

:1 av =log(x—3)-2x+ X LB d

Substituting the expressions of g—u and S—V in equation (1), we obtain
X X

2 2
ﬂ:xxz‘{X__B+2x|ogx}t(x—3)x{xx }
X i

(x—3)

dv —V{ZXIog(x 3)+
dx

dv x?
—=(x-3
= (x—3) {x

X

dx

Flndg—i if y=12(1—cost), x=10(t —sint), = <t<E

T
——<t<—
2 2
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Itis given that y =12(1—cost), x =10(t —sint)

dx d . d )
c.—=—[10(t —sint)|=10-—(t —sint) =10(1— cost
ot OIt[ (t—sint)] OIt( int) =10( )

% = i[12(1— cost)]=12- E(1—cost) =12-[0—(-sint)] =12sint
dx dx dt

& 12.2sin - . cos |
dy_lat)_ tesint "M%, 6t
Tdx (dx) 10(1 - cost) 10.2sin2 & 52

dt

Find g_y if y=sin?x+sin?y1-x?,-1<x<1
X

It is given that y =sin™ x+sin™"y1—x?

: dy _ i[sin1 x+sin1\/1—7}

Tdxdx
2%2%(5"‘]lX)+%(Sinlxll—X2)
@y__ 1 =+ ! i( 1—x2)
d 1-x \/1(\/1—7) dx
dy 1 1 1 d,
= . i
~ dx N/ X 21— x2 dX( <)
dy 1 1
—== + —2X
dx 1-x2 2x«/1—x2( )
ﬂ: 1 3 1
dx 1-x2 J1-x°
LWy,

.
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dy 1
If Xx1+Vy+yJ1+x =0, for -1<x <1, prove that — =—
Ly P i (%)
It is given that,
X1+ Y +yVv1+x =0
X1+ Yy =—yv1+X

Squaring both sides, we obtain
X*(L+y) =y L+x)

= x>+ Xy =y +xy?

= X' —y?=xy* - x%y

= X" —y* =xy(y—x)

= (X+Y)(X=y)=xy(y —x)
X+ Y =—Xy

= [1+Xx)y=—Xx

=Y a5y

Differentiating both sides with respect to x, we obtain

=X
Y= e w
d d
ﬂ _(1+x)&(x)—x&(1+x)__(1+X)_X_ 1

dx (1+ X)? 1+x)?  (@L+x)?
Hence , proved.

3

2 |2
{H o }
X
If (x—a)*>+(y—b)>=c?, for some ¢ > 0, prove that ——————— is a constant independent of

d2
dx?
aand b



Class XII - NCERT — Maths

Chapter 5

Continuity and Differentiability

It is given that, (x—a)*+(y—b)*>=c’

Differentiating both sides with respect to x, we obtain

d 2 d 2 d 2
&[(x—a) ]+&[(y—b) ]=&(C )

:>2(x—a)-%(x—a)+2(y—b)-%(y—b):

Ly —(x-a)

:>2(x—a)-1+2(y—b)-ﬁ:0

dx
dx y-b

(d%y _d [—(X—a)

Tdx?  dx| y-b }
[(y—b)-d(x—a)—(x—a)-dw—b)}
dx dx
(y=by

(y—b)—(x—a)-gy
X
(y—by’

—(x—a)
y—b

|

(y—b)—(X—a)-{
(y-b)’

}

(y—b)2+(x+a)2
(y-b)®

0

[using (1)]

1+(dyj2 2 Ku(x_a)zﬂz [(y—b)2+(><—a)2}2
A W) | (y—b) _ (y—b)’
| dy {(y—b)%(x—a)ﬂ {(y—b)%(x—a)ﬂ
dx’ (y -b)® (y —b)®
o
(y-b)? ¢
_ ¢ _ (y=by
(y-b® ¢
(y —b)*
=-c, which is constant and is independent of a and b
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Hence, proved.

dy _ cos’(a+y)

If cosy =xcos(a+y) with cosa = +1, prove that -
dx sina

It is given that, cosy = xcos(a+ y)

% =[cosy]= %[x cos(a+Y)]
ﬂ =
dx

= -siny = % =cos(a+y)+x-[-sin(a+y)]

= -siny cos(a + y)-%(x)+x-%[cos(a+ y)]

dy
dx
dy

= [xsin(a+y)—sin y]&:cos(aqL y) (D)

Since cosy = xcos(a+y), x = ——Y
cos(a+Yy)

Then, equation (1) reduces to

cosy
cos(a+y)

-sin(a+y)—sin y}% =cos(a+Y)

=[cosy.sin(a+y)-siny.cos(a+ y)]% =cos’(a+Y)

=sin(a+y-— y)%:cosz(a+b)

2
N dy _ Cos .(a +b)
dx sina
Hence, proved.

d?y

If x=a(cost +tsint) and y =a(sint —tcost), find ok
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It is given that, x =a(cost +tsint) and y =a(sint —tcost)

% =a- —(cost+tsmt)

Tt
. . d d, .
=a| —sint+sint-—(t) +t-—(sint
{ dt() dt( )}
= [—sint+sint+tcost]:atcost

dy
dt

d
= a{cost — {cost . a(t) +t- E(COSDH

= a[cost —{cost —tsint}} = atsint

dy
dy (dt atsint

=a- —(smt tcost)

So—== = = tant
dx (dx) at cost
dt
Then, d’ dy_d (dy} — (tant) =sec’t- dt
dx?  dx\ dx dx
=sec’t- 1 {%:atcostzﬁz 1 }
atcost dt dx atcost
3
SEA R
at 2

If f(x)=x[°, show that f"(x) exists for all real x, and find it.

X, if x>0
—X,if x<0
Therefore, when x>0, f (x) g x[=x°
In this case, f'(x)=3x* and hence, f"'(x)=6x
When x <0, f(x) = x[’=(-x*)=x>
in this case, f’(x)=3x* and hence, f"(x)=6x
Thus, for f(x) g x|}, f""® exists for all real x and is given by,

It is known that, | x |={
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6x, if x>0
£11(x) = XI. X
—6x, if x<0

Using mathematical induction prove that di(x") =nx*" for all positive integers n.
X

To prove: P(n): di(x”) =nx*"* for all positive integers n.
X
Forn=1,
P(l):i(x) =1=1-x*"*
dx

- p(n) istrue for n=1
Let p(Kk) is true for some positive integer k.

Thatis, p(k): i(x“) =kx**
dx
It is to be proved that p (k + 1) is also true.
H d k+1\ _ d k
Consider &(x )_&(x-x )

d d
xk-&(x)+x-&(x")

=X 1+ x-k-x?

= x* + kx*

=(k+1)-x"

=(k+1)-x*?

Thus, P(k + 1) is true whenever P(K) is true.

Therefore, by the principal of mathematical induction, the statement P(n) is true for every

positive integer n.
Hence, proved.
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Using the fact that sin(A+ B) =sin AcosB +cos Asin B ant the differentiation, obtain the sum
formula for cosines.

sin(A+ B) =sin Acos B + cos Asin B
Differentiating both sides with respect to x, we obtain

%[sin(A+ B)|= %(sin AcosB) + %(cos AsinB)

= cos(A+ B) ~i(A+ B) =cosB -i(sin A) +sin A-i(cos B)
dx dx dx
+sinB-i(cosA)+cosA-i(sin B)
dx dx
d d . . dB
= c0S(A+B)-—(A+B)=cosB-cos A— +sin A(-sinB)—
dx dx dx
+sin B(-sin A)-d—A+cosAcos BCI—B
dx dx
= cos(A+ B) d—A+d—B = (cos Acos B —sin AsinB) - d—A+d—B
dx dx dx dx
..C0S(A+ B) =cos Acos B —sin Asin B

Does there exist a function which is continuous everywhere but not differentiable at exactly two
points? Justify your answer.

Consider f(X)g x|+|x+1]

Since modulus function is everywhere continuous and sum of two continuous function is also
continuous.

Differentiability of f(x): Graph of f(x) shows that f(x) is everywhere derivable except

possible at x=0 and x=1
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Y
<—+— ——— X
-2 0 1
N
At x =0, Left hand derivative =
lim f(X)— f(O) = lim (l X|+| X_ll)_(l) = lim (_X)_(X_l) -1 — ||mﬁ:_2
x—0" X—O Xx—0" X x—0" X x—=0" X

Right hand derivative =

lim f(X)— f(O) = lim (l X|+| X_ll)_(l) = lim (_X)_(X_l) _1: ||m9=0
x—0" X—0 x—0" X x—0" X x—0" X

Since L.H.D # R.H.D f(x) is not derivable at x = 0.

Atx=1

LH.D:

lim f(X)— f(l) = lim (l X|+| X_ll) = lim (X)_(X_l)_]-: lim 0 =0

X—1" X—l X—1" X—l X—1" X—l X—1" X—l

R.H.D:

i FOO=F@ _ (X1 x=11-D) _ 0+ (x=D-1_ 2D
x—1* X—=1 x—1* X=1 x—1* X=1 x->1" X—=1

Since L.H.D #R.H.D f(x) is not derivable at x = 1.

.. F(x) is continuous everywhere but not derivable at exactly two points.

f(x) g(x) h(x) 'O g'(x) h(x)
dy

If y=| | m n |, provethat —==| | m n
dx

a b C a b C
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f(x) 9(x) h(x
y=| | m n
a b C
= y=(mc—nb) f(x) - (Ic—na)g(x) + (Ib—ma)h(x)

dy _dr. _ 9 e -
Then,&_&[(mc nb) f (x)] OIX[(Ic na)g(x)]+dx[(lb ma)h(x)]

=(mc—nb) f'(xX) —(Ic—na)g’(x) + (Ib —ma)h’(x)
'O 9'(x) h'(x)

=| | m n
a b C
/() g'(x) h(x)
Thus, Y _ | m n
dx
a b c

2

If y=e*" % _1<x<1, show that (l—xz)d—g—xﬂ—azyzo
dx dx

acostx

Itis given that, y=e

Taking logarithm on both sides, we obtain

logy =acos ™ xloge

logy =acos™x

Differentiating both sides with respect to x, we obtain
1dy 1

——==ax

yde 1%

_dy —ay

By squaring both the sides, we obtain




Class XII - NCERT — Maths Chapter 5
Continuity and Differentiability
ﬂ 2 ~ azyz
dx ) 1-x?

= (1— xz)(ﬂjz =a’y’
dx
dy ?
1-x2)| =2 | =a2y?
(1-x )(dx) y
Again, differentiating both sides with respect to x, we obtain
dy 2
[&j —(@A-x*)+(- X)x—{( ” (v*)
dy dy d® _ .. dy
2 1- —=.—2=3".2y- =
:(dj(x)Jr( x)><d ™ a -2y
:>x%+(1—x2)—¥=a2-y {QiO}

d’y dy .
1— ——-—a‘y=0
( X )d 2 de y

Hence, proved.
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