Ex 15.1

Mean Value Theorems Ex 15.1 Q1(i)

fix)= 3+[X—2)§ on [1, 3]

Differentiating it with respect to x,

() = 5 x——
(x-2)3

Clearly, Iim2=gx ! T
-~ (x - 2)3

Thus, # () is not differentiable atx = 2 € [1,3)

Hene, Rolle's theorem is not applicable for Flx) inx <[1,3].
Mean Value Theorems Ex 15.1 Q1(ii)
Here, f(x) =[x] andx [-1,1], atn =1

LHL = I_I)i[rln_h)[x]

i)
=0
RHL = lim )[x]

=Lk
= lim|[1+#
fml+h]
=1
LHL = BHL

So, Fx) is not continuous at 1e[-1,1]

Hence, rolle's thearem is naot applicable on #(x) in [-1,1].

Mean Value Theorems Ex 15.1 Q1 (iii)



) 1
Here, fix) = 5|n(;]J xe[-1,1], atn=10
LHS = lim  sin 1
x=+(0-#) e

) ) 1
= lim sin
h=0 [D—hJ

= lim sin -1
_.".'—30 h

= - lim sin 1

B h=0 h

= -k [Let lim sin[£]=k as k e[—l,l]}

h=0 h
RHS = lim Siﬂ[i]
= [04h) N

= lim sin 1

" k= h

=k
= LHS = RHS
= f{x) is not continuous atrn =0

So, rolle's theorem is not applicable on #(x) in [-1,1]

Mean Value Theorems Ex 15.1 Q1(iv)
Here, #{x] = 2x% - Ex +3 aon [1.3]
fix] is continuous in [1,3] and £(x) is differentiable is [1,3) since

itis a polynomial function.

o,
f(x)=2x2—5x+3
Fl1) =317 -5(1)+3
—2-5+3
fly=0 == (i)
F(3)=2(3)7-5(3)+3
= 1B-15+3
fla)=6 -—={ii)

From equation (i) and (i),
Fl1) = f(3)

So, rolle's theorem is not applicable on £(x) in [1,3].

Mean Value Theorems Ex 15.1 Q1(v)
2
Here, #(x)= *% on [-1,1]

So, f'(x) does not exist atxy =0« (_1J 1)

= Fix) is not differentiatable inx e (-1,1)

So, rolle's theorem is not applicable on f(x) in [-1,1]

Mean Value Theorems Ex 15.1 Q1(vi)



Here, Fr(X)={-4,»(+5, 0£x<1
2x -3, 1la<x=zZ

Form=1

LHS = i [—4x +5)
x=(1=H)
= lim [-4(1-#)+5]
=-4+5

LHS =1

RHS = lim [2x-3)
x[1+d)
= lim [2(1+#) - 3]
=2-13

RHS =-1

So, LHS = RHS
= f(x) is not contivuous atx=1e[tl,2:|

= Rolle's theorem is not applicable on £ {x) in [0,2]

Mean Value Theorems Ex 15.1 Q2(i)
Here,
Flx)= x% - Bx+12 on [2,6]
fx] is continuous is [2,6] and differentizhle is [2,8) as
itis a polynomial function

So, Rolle's theorem is applicable, therefore we show hawve
f'[c) =0 such thatc e (2,6)

So, f(x)=x2—8x+12
= Flixi=2x -8

S, Flic)=10
2c-8=10
C=4e|:2J6)

Therefore, Rolle's theorem is verified.
Mean Value Theorems Ex 15.1 Q2(ii)

The given function 1s /(x) = x" —4x+3

Ji being a polynormial function, 15 continuous in [1, 4] and 15 differentiable 1n (1, 4) whose
derivative 15 2x — 4.

F(1)=P=4x143=0, f(4)=4"-4x4+3=3
 S(B)-1(a) _f(9)-s(1) _ 3-(0)

3
b-a 4-1 3 3

Mean Value Theorem states that there 15 a point ¢ € (1, 4) suchthat f'(¢) =1

f'(e)=1

= 2c—-4=1
x .

= c=2, wheree=> &(l, 4)
2 2

Hence, Mean Value Theorem 1s verified for the given function

Mean Value Theorems Ex 15.1 Q2(iii)



Here,
Fx) =[x -1)(x -2)% on [1,2)
f(x) is cantinuous is [1, 2] and differentiable is (1,2) since

itis a polynomial function.

Sao, Raolle's thearem is applicable on f(x) in [1,2], therefore,
there exist ac e (1,2) such that F'(c) =0

Mo,

() = (% ~1) - 2)°

XY =[x -1 %2 (% - 2) + [ - 2)°
(

) =[x -2)1{3x - 4)

Thus, Rolle's theorem is werified.

Mean Value Theorems Ex 15.1 Q2(iv)
Herge,
Fx)=x(x- 1)2 on [0,1]
flx) is continuous on[DJlj and differentiable on (0,1) as
itis apaolynomial function.

Mow,
F(0)=0(0-1)°=0
(fh=1(1-1)"-
= (0) = F(1)

So, Rolle's thearem is applicable on £ {x) in [DJ 1] therefare,
we should show that thereexistace I:D,lj such that f'[c) =0

o,
f() x (- 1)

=[x -1 +xx2(x-1)
[x 1)( —1+2x)
[x 1)(3){—1)

Sa, flic)=0
1
1
= c=1orc=§e(DJ1)

Thus, Rolle's theorem is verified,

Mean Value Theorems Ex 15.1 Q2(v)



Here,
Fx)= {xz - 1}[){ -2) on [-1,2]
Fx) is continuous is [-1,2] and differentiable in (-1,2) as

itis a polynomial functions.

O,
-1={1-1){-1-2)=0
(2) - (4-1)(2-2) - 0
= (—1)=f(2)

So, Rolle's theorem is applicable on f[x) is |:—1J 2] therefore, we have
to show that there existac e (-1,2) such thatf'[c) =0

O,
Flxy=[x"-1)(x-2)
f'(x)=2x(x—2)+{x2—1)
=ox?_d4x®o1

Flix)=3x"-5

MO,
Flic)=10

wZ-E5=0
= x=—JEDrx=JEe(—1J2)
3 3
Thus, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q2(vi)
Here, Flx)=ux[x- 4)2 aon [0, 4]
fx] is continuous is [0, 4] and differentiable is {0, 4] since

flx) is apalynomial function,

MO,

fx)

F(0)=0(0-4)°

F(O) =1 ()
F4)=a(4- 47

Fl4) =0 - i}

From equation (i) and (i},
Flo)=7F(4)

So, Raolle's theorem is applicable, therefore, we have to show that
f'[c)= 1] ﬁ:nrce(DJﬂr)

Flix)=xx2(x-4)+[x - 4
=257 - By + %%+ 16 - Bx
So, f'[c)=3c"-16c+16
D=ac®-12c-4c+16
D=3c(c-4)-4(c-4)
D=(c-4)(3c-4)

= c=4aoarc=

w|

= (0,4)

So, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q2(vii)



Here, f(x) =x (x - 2)2 an [D,E]
flx) is continuous is [0,2] and differentiable is (0,2)

as itis a palynomial function.

and  Flo)=0(0-2)°-0
(2)=2(2-2)" =10
= (o) =f(2)

So, Rolle's theorem is applicable on £ (x) is [0,2], therefore,
we have to show that F'{c)=Dasce(0,2)

So, Rolle's thearem is verified,

Mean Value Theorems Ex 15.1 Q2(viii)

Here, f(x) =x24+Ex+6 on [-3.-2]

f(x) is continuous is [-3,-2] and F [x) is differentiable is (-3,-2)
since it is a polynomial function.

o,
f(x)=x2+5x+6

Fl-3) = (-3 + 5(-3) +6

=9-15+6
F(-3)=0 - i)
F(-2) = (-2)° +5[-2) +6

= 4-10+6
F(-2) = 20 - (i)

From equation (i) and (i),
F-3)=f[-2)

So, Rolle's thearem is applicable is [—3;2], we have to show that
f‘(c) =0asce (—3,—2).

O,
f(x)=x2+5x+6

f'(x)= 2x+ 5
= f'(c)=

2c+ 5=

c=—=(-3,-2)

So, Rolle's thearem is verified,

Mean Value Theorems Ex 15.1 Q3(i)



Here,

fx)=rcos2 [x - %] on [D,g]

We know that cosine function is continuous and differentiable

every where, so f[x) is continuous is [D,g] and differentiakble is [D,%]

o,

Flo)= cosz[n-%} 0
]
= f(D):f[g]

So, Rolle's thearem is applicable.

Hence, there must exists a c = [D,g] such that f'[c) =0,

Mo,
flix)= —5in2[x—g]x2
flix)= —25in{2x —i]
2
= —25in[2-:—£]=|:|
2
= sin{Ec—ﬂ] =sin0
2
= 2e-Z-p
2
c = EE D,E
4 2

Hence, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q3(ii)
Hereg,

Fix)=sin2x on [D, g}
We know that sinx is a continuous and differentiable every where, So,

fx] is continuous in {DJ gi| and differentiable is [DJ g]

T O,
f{0)=sin0=10

f[£J=5inﬂ=D
2

= Flo)= f[%)

Sao, Raolle's thearem is applicable, so, there must exist ac e [DJ %J

such that £'(c) =0

O,
Flix)=2cos2x
fllc)=2ms2c=0
= cos2c =0
= 2o =

Thus, Raolle's thearem wverified,

Mean Value Theorems Ex 15.1 Q3(iii)



Here,
Flx) =cos2x on = X
44
We know that cosx 1= a continuous and differentiable every where. Sa,

f(x] is continuous in{i ﬂ} and differentiable is Lj EJ

N 4 J4 .
B . i Lo
T O e | | T 7T
! fl——|=cos2| —— |=cos| —— |=0
e 2, 4, v 2
(™ (™ {7
fl=|=cos2 — |=cos| = |=0
€ Al \2)
T Y
— L . el
f!. 4/u_fl. 4}

So, Raolle's theorem is applicable, so, there must existac e {D, g]

such that #'(c) =0

T4 O,
f'(x)=25in2)(
flic)=2sin2c =10
= sin2c =0
a3 Zo=10
5, EELE
= EL4J4J

Thus, Rolle's thearem wverified,

Mean Value Theorems Ex 15.1 Q3(iv)
Here,
fx)=e*xsinx on [0,r]
We know that since and expential function are continuous and differentiable
every where so, £ () is continuous is [D,ﬂ] and differentiable is [0, 7).

MNowy,
f[D)=e°5inD =0
fle)=e"sing =0
= f{o)=7(x)

5o, Rolle's theorem is applicable, so there must exist a point c = (0, )
such that #'{c) = 0.

Mo,
f[x) =e” siny
flix)=e" cosx +e" sinx
MWow, £'(c]=0
e [cosc+sinc) =0
= e° =0 or cosc = - sine
= &% = 0 gives no value of ¢ or tanc=-1
s tanc = tan{ﬂ—i]
4
3r
c=—«<[0,x7
7 < (0.7)

Hence, Rolle's thearem is verified.

Mean Value Theorems Ex 15.1 Q3(v)



Here,
i T
fix)=e*cosx on |- =
2'z
We know that expontial and cosine function are continuous and differentiable

every where so, f (x) is continuous is [— g,%] and differentiable is {—%, g]

MO,

Sao, Raolle's thearem is applicable, so there must exist apointc = {—%,%J

such that #'[c] = 0

Mow,
Fix)=e"cosx
Flix)=-e" sinx +&" cosx
Sao, flic) =
&% [-sinc+cosc) =10
= “ =0 gives no value of o
= -sinc +cosc =10
= tanc =1
= - ge[-g,g]

Hence, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q3(vi)
Here,
Flx)=oos2x an [0,5]
We know that, cosine function is contivous and differentiable every where,
so F(x) is continuous is [0,x] and differentiable is (0, 7).

T O,
f({0)=cos
flm)

= 0=

1

s0 =
s(27) =
)

co
fr
So, Rolle's theorem is applicable, so there must exist a point ¢ e [0, 1)
such that £'[c) =

Mow,
fx)=cos2x
f'(x) =-2sinZx
So, fc) =
= -2sin2c=10
= sin2c =10
= 2c=10 or 2e=7
= c=0 ar C=ge[ﬂ,ﬂ)

Hence, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q3(vii)



sinx

flx)=

on x €[0, m]
e){

We know that, exponential and sine both functions are continuous and differentiable
every where, so f(x) is continuous is [0, m] and differentiable is [0, 1]

MNow,
s5in 0
(0)= =0
a0
sin T
flm) = o =0
= f(0) = flm)

Since Rolle's theorem applicable, therefore there must exist a point c€[0, ]
such that f'le)=0

ow,

_ e¥cosx)—e*(sinx)

(e¥)°

=e'lcosc—sinc)=0
= e"=0andcosc—sinc=0
= tanc=1
i
c=—2¢[0,m
2 [0,m]
Hence, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q3(viii)
Herge,
fx)=sin3x on [0,x]
We know that, sine function is continuous and differentiable
every where, So, #(x) is continuaus is (0,s) and differentiable is [0, #).

MO,
Fil)=sin0=0
f(ﬂ)= sin3s =0
= FlO)=7F(x)

So, Rolle's theorem is applicable, so there must exists a point
ce[0,r]) such that #'{c) = 0.

T O,
fx)=sin3x
Flix)=3cos3x
T O,
flic)=0
= 3cos3x =0
= cos3x =0
= 3x =2
2
i
= X=EE(DJJT)

Hence, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q3(ix)



Hereg,

Fix)= & on [-L1]
We know that, exponential function is continuous and differentiable
every where, So, f(xj is continuaus is [—1, 1:| and differentiable is I:—lJ 1).

T O,

So, Rolle's theorem is applicable, so there must exist a pointce [-1,1)
such that #'(c) = 0.

MO,

Fix)= gl

Frix) = et (~2x)
o,

Flic)=10

—2ce = D
= c=0 or el"’2 =0
= c=0=(-1,1)

Hence, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q3(x)
Hereg,
Fix)= |Dg{X2 +2) -log3 on [-1,1]
We know that, logarithmic function is continuous and differentiable
is its domain, so f(x) is continuous is [—1, 1] and differentiable is [-1,1).

MO,
fl-1)=log(1+2)-log2=0
Fill=log{1+2)-log3 =0
= fFl-11=7(1

So, Rolle's theorem is applicable, so there must exist a pointc = [—1, 1) such
that#'{c) = 0.

MO,
f(x)=|0g{x2+2)—log3
(2x)
Flix) =
) x4z
o,
Flic)=10
2c
=0
cf+2

= C=De(—1J1)

Hence, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q3(xi)



Here,
f(x) = 5inXx +cosx an {DJ%}
We know that siny and cosx are continuous and differentiable every where, so

f(x) is continuaus is [D,%} and differentiable is (D,%].

N O,
fl0)=sinD+coscO=1

f[”]: sins | coss

So, Rolle's theorem is applicable, so there must exist a pointc e {D, g] such
that #'(c] = 0.
T4 O,

flx)=sinx+cosx
fl

(%)= cosx —sinx

N O,
flic)=0
cosc - ging =10
= tanc =1

Hence, Raolle's theorem is verified,

Mean Value Theorems Ex 15.1 Q3(xii)
Hereg,
Fix)=2sinx +sin2x on [0, 1]
We know that sine function is continuous and differentiable every where, so
f{x] is continuous is [0, #] and differentiable is {0, 1),

Maw,
f(0)=2sinD+sin0=0
Flo)=2sing+sin2s =0
= f(Dj=f[Jr)

So, Rolle's theorem is applicable, so there must exist a point ce (0, 7) such
that £'c] = 0.

MO,
Fiw)=2sinx +sin2x
Flix)=2cosx +2052x
MO,
flic)=0
Zrosc+2cosZo =0
= 2{CDSC+2CDSQC—1}=D
= {26052+ZCDSC—CDSC—1)=D
= (2cosc-1)(msc+1)=10
1
= cosc=§, cosc = -1
= tanc =1
kg

C=§EI:D,J]'), c=a

Hence, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q3(xiii)



Here,
X o_oamx
fix)=—-sin— on [-1,0
(x)= % ~sin™ on [-1,0]
We know that sine function is continuous and differentiable every where, so
f(x) is continuous is [—1, IZI:| and differentiable is (—LD).

T4 O i,
Fi-1)= _?1— sin[—%)
1 23
=i =
Tesyatal,
IR
(1=0 (i)
And f(D)=D—sinD
f0j=0 -—={ii)

From equation (i} and (i),
Pty f[':'J

So, Rolle's theorem is applicable, so there must exist a point ¢ = (-1,0) such
that F'(c] = 0.

N O,
f(x):i-sin{ﬁ]
2 3]
f'(x):i—ﬂcos(ﬁ]
2 6 &]
N O,
flic) =0
——icos[ﬂ—c]—ﬂ
2 6 )
T [J}'C] 1
= -—rns| —|=-=
5] &} 2

T i

S, (5 ]
= c="cos =

11 N

21 21 . 5

= CE{_ﬁ’H] [smce, cos xe[—l,l]]
= ce[-1.91.9)
= ce(-1,0)

Hence, Rolle's theorem is verified,

Mean Value Theorems Ex 15.1 Q3(xiv)



Here,
B . b4
fx)=—-4sin“x on [U'E]
We know that sine and its square function is continuous and differentiable every where, so

r'(xj is continuous is [U, g} and differentiable is [D, %J

Now,

So, Rolle's theorem is applicable, so there must exist a pointc e [D,%J such

that £ [c) =0,

Mo,

fix)= 6X _ asin?x

T
f'ix) = L., Bsinx cosx
Fi
flix) = E—4sin2x
T
Now,
f'lc)=0

E—4sin2c=0
T
= 4sin2c=E
i
= sin2c-i
27

= 2¢ = sin™! [E
44

1T....if21
—J C = _—5In e
2 44

= ce [-%,%J [since, sin™ x e[-1, 1]]

I
(9]
it
—
e
| —
b
—

= ce D,ij
6
Hence, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q3(xv)



Here,

Flx)=4""* on [0,7]
We know that exponential and sinx both are continuous and differentiable, so £ (x) is continuous
is [0,7] and differentisble is (0, 7).

Now,
Flo)=4"0-4%-
Fr)=4%"" =401
= £(0)=7(7)

So, Rolle’s theorem is applicable, so there must exist a point ¢ (0, #) such
that F'(c) = 0.

Now,

fx) = 450"

fi{x) = 45inxlog 4 xcosx
Nowy,

flie)=0

43¢ . cosxclogd = 0
= cosc =0
= c= %E (0, )

Hence, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q3(xvi)
Here,
f(x):x2—5X+4 on [1,4]

f(x) iz continuous and differentiable as it is a polynomial funciton.

T O,
Fl=(1)°-5(1)+4=0
F(4)= (47 -5(4)+4=0
= (1)=F(4)

So, Rolle's thearem is applicable, so there must exist a point c e (1, 4) such
that £'{c] = 0.

Mo,
f(x)=x2—5x+4
Flix)=2x -5
So,
fllic)=0
= Ze-E5=10

5
= c=§e(1J4)

Hence, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q3(xvii)



Here,

2
We know that sine and cosine function are differentiable and continuous.

fix)= sin® x + cos* x on [D,E]

So, f(x] is continuous is {D,%} and it is differentiable is [D,g].

Mo,

So, Rolle's thearem is applicable, so there must exist a pointc e {D, g] such
that ! (C) = 0.

Mo,

x) =sin*x + costx
()
1

Th Th

(%)= 45ir® x cosx — 4cosx sing
=-2(2sinx casxj{0052X - caszx}
= -2s5inZx cos2y

Flix)=-sindx

Mo,
flic)=0
—sindx =0
sindx =0
= 4y =10 ar 4y = a7
= x =0 ar x=£e[0,£]
4 2

Hence, Rolle's theorem is verified.

Mean Value Theorems Ex 15.1 Q3(xvii)

Since trigonometric functions are differentiable and continuous,
the given function, f{x)=sinx -sin2x is also continuous and differentiable.
Mow f(0) = sin0-sin2x0=10

and

'F{Ii’) =sing-sinZxx=0

= F{0) = f{x}

Thus, f(x] satisfies conditions of the Rolle's Theorem on [0, x ]
Therefore, there exists ce[0,x] such that f [c) =0

Mowr f(x) = sinx - sin2x

=f'{x)=cosx-2cos2x =0

= COSX = 20052

= cosx = 2(2cos”x - 1)

= cosx = doostx - 2

= doosfx —cosx -2=0

+.J33
2

= COSX = : = 08451 or —-0.5931

= x=cos[0.8431) or cos™ [-0.5931)

= x=cos {0.8431) or 18(° - cos™{0.5931) [ cos™H-x) = 7 - oos‘l(x]]
=y = 32032 o x=126°027

Both 32°32' and 126°23 [0, x| such that f{c) = 0.

Hence Rolle's Theorem is verified.

Mean Value Theorems Ex 15.1 Q3(xviii)



Since trigonometric functions are differentiable and continuous,
the given function, f{x)=sinx -sin2x is also continuous and differentiable.

Mow (0] = sin0-sin2x0=10

and
'F{J‘i’)= sing—-sin2xx =0
= f{0) = f{x)

Thus, f{x) satisfies conditions of the Ralle's Theorem on [0,x ]
Therefore, there exists ce[0,x | such that f(c) =0

Mow f(x] = sinx - sin2x

=f'{x)=cosx-2cos2x¢ =0

= COSX = 2005 2Y

= cosx = 2{2cos”x - 1]

=cosx = doosix - 2

= doosix —cosx -2=0

= cosx = lif - 0.8431 or ~0.5931

= x=cos ' [0.8431) or cos™ {-0.5931)

= x=cos™ {0.8431) or 180° - cos™{0.5931) [ cos™H -x) = - cos‘l(x]]
=y =32032" o x=126727

Both 32°32' and 126°23 €[0, x] such that f{c)=0.

Hence Rolle's Theorem is verified.

Mean Value Theorems Ex 15.1 Q7
Let f(x)=16—x" then f'(x)=—2x

S (x)is continuous -:m[— 1, 1] because it & 2 polynomial function.

Ao f(-1)=16-(-1) =15
f1)=16-(1) =15

Fi-1)= 1)
There existza © E[—l__l]such Lh.atf'[_c_‘_l=ﬂ'
= -2c=0
= c=0

Thus, at0 [—1., 1 ] the tangent iz parallel to the x —axis.

Mean Value Theorems Ex 15.1 Q8(i)

Let F{x])= 2, then £ [x) = 2x

f{x) is continuous on [-2,2] becauseitis a polynomial function,

F(x) is differentiable on {-2,2) asitis a polynomial function,

Also F[-2) = [-2)° = 4
flzy=2°-4

= f{-2)=7(2)
There exists c«(-2,2) such that £ 'fc) = O

2e=10
c=10

uu

Thus, at 0 = [-2,2] the tangent is parallel to the x-axis.
x=0,theny=0
Therefore, the pointis (0, 0)

Mean Value Theorems Ex 15.1 Q8(ii)



Lat #{x) = on [-1.1]
Since, f(:x:] is a composition of two continuous functions, itis continuous on

[-11]

also F(x) = _oxett

Fl2)=27-4

f'[x) exists for every value of x in [-1,1)
= r'(x) is differentiable on (:— 1J1)

By rolle's theorem, there exists ce [-1,1) such that £'(c) =0

Thus, at c=0¢ [-1,1] the tangent is parallel to the x-axis,
x=0 theny=g

Therefore, the point is (0, &)

Mean Value Theorems Ex 15.1 Q8(iii)
Let f{x)=12{x+1)(x - 2)

Since, f{x} is a polynomial function, itis continuous Dn[—lJ2:| and
differentiable on {-1,2)

Alsa £'{x) =12[fx - 2)+ [ +1)] = 12[25 - 1]
By rolle's theorem, there exists ce (—1,2) such that ' {c) =0
= 12{2c-1)=10
1
= etz
Z
Thus, at ¢ = %e {-1,2) the tangent to y = 12{x + 1) {x - 2}is parallel to x-axis
Mean Value Theorems Ex 15.1 Q9
It is given that f:[-5,5]— Ris a differentiable function.
Since every differentiable function is a continuous function, we obtain
(a) f1s continuous on [—3, 3].
(b} fiz differentiable on (=5, 53

Therefore, by the hMean Value Theorermn, there exists ¢ O (=5, 57 such that

(5)-/(-5

=101"(c)= F(5)=f(-5)
It is also giventhat f'(x)does not vanish anywhere

S f(e)=0
=10f(c)=0

= f{5)-F(-5)=0
= [(5)# f(-5)

Hence, proved.

Mean Value Theorems Ex 15.1 Q10



By Rolle’s Theorem, for a function f:[a, b] > R, if

(a) f1s continuous on [a, b]
(b) f1is differentiable on (a, b)

() f@=fb)

then, there exists some ¢ e (g, &) suchthat f"(¢)=0

Therefore, Rolle’s Theorem is not applicable to those functions that do not satisfy any of
the three conditions of the hypothesis.

W f(x)= [r] forxe [5. 9]

It 15 evident that the given function f(x) is not continuous at every integral point.
In particular, fx) 15 not continuous at x =5 and x =9

f &) 15 not continuous n 5, 2.

Also, £ (5)=[5]=5 and £ (9)=[9] =9
“S(5)=1(9)

The differentiability of /'in (5, 9) 1s checked as follows.

Let n be an integer suchthatn € (5, 9).

The left hand limit of /" at x = n is,
;{n+h) S () _ [»+h] 1 L

lim ~ = lim - =
Ba) n_.n h st fp

The right hand limit ufj atx =n is,
f(n-bh) f(n) [n+h] [n]

t—d! ;,_.,

=tim2=2 = lim0=0

wst e

Since the left and right hand limits of fat x =# are not equal, /15 not differentiable
adx=n

fis not differentiable in (5, 9).

1t is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s
Theorem.

Hence, Rolle’s Theorem is not applicable for f(x)=[x] forx &[5, 9].



(i) f(x)=[x] forxe[-2, 2]

It is evident that the given function f(x) is not continuous at every integral point.
In particular, f1x) is not continuous at x=-2 andx=2

JCx) 1s not continuous in [-2, 2]

[§%)

Also, f(-2)=[-2]=-2and f(2)=[2]=
L f(=2)2 £(2)

The differentiability of f1in (=2, 2 15 checked as follows.

Let i1 be an integer suchthat re (-2, 2).

The left hand limit of /" at x = n is,

(n+h)=7 hl- -] -
lim J (” ?} ] (”] = lim [”+ rl [”l = lim nolon = lim =
-0 h bl h I sty
Fhe right hand limit of / at x = n is,
(n+ k) - -
lim S h} f(n) = lim [”+ rl [!a] e .Iim "

frowl h L) h ] h

M= lim0=0

Since the left and right hand limits of fat x =5 are not equal, /15 not differentiable
atx=n

Jis not differentiable in (=2, 23

It 15 observed that " does not satisfy all the conditions of the hypothesis of Rolle’s
Thearem.

Hence, Rolle’s Theorem is not applicable for f(x}=[x] forx e[-2, 2].

Mean Value Theorems Ex 15.1 Q11

It is given that the Rolle's Theorem holds for
the function f{x) = x%+ bx? + ox, x €[1,2]

at the point x = %

We need to find the values of b and c.
Flx)=x®+bx®+ox

Since it satisfies the rdle's theorem, we have,
fl1)=F(2)

=P bx1®+exl=2F+bx2%10x2
=l1l+b+rc=8+db+2x

=3+ =-7..01)

Differentiating the given function, we have,
Flix)=3x*+2bx +c

2
f'[ﬂ]=3x[f] +2bx[ﬂ]+c
3 3 3
:>D=E+%+C...(2)

3 3

Sclving the equations (1) and (2], we have,
b=-5andc=28



Ex 15.2

Mean Value Theorems Ex 15.2 Q1(i)
Herge,
fix)= x%-1on [2,3]

Itis a polynomial function so it is continuous in [2, 3] and differentiable

in (2J3). S0, both conditions of Lagrange's mean value theorem are satisfied.
Therefore, there exist a point ¢ e (2,3) such that
F(3)-7(2)

2

2
((3)2 - 1) - ((2)2 - 1)
1

flic) =

2o =

2c=(8-3)

£
C=§E(2J3)

Hence, Lagrange's mean value theorem is verified.

Mean Value Theorems Ex 15.2 Q1(ii)



Here,
Flx)=x-2x"-x+30n [01]

Since, fx) is a palynamial function. So, F{x] is continuous in [0,1] and differentiable in {0,1).

So, Lagrange's mean value thearem is applicable. Thus, there exists a point ¢ < {0,1) such that

f(1)-f(0
ey - LA (0)
1-0
) 2
-2 -1 +3|-3
SN [ =) ]
= 3cf-d4c-1=1-3
= 3cf-dc+1=0
= - dc-c+1=10
== 36(0—1)—1[0—1):0
= (30—1)[6—1)=D
= c=%e(m)

Hence, Lagrange's mean value thearem is verified.

Mean Value Theorems Ex 15.2 Q1 (iii)
Here,

Fla)=xix-1)

Fix)= *%—x% on [12]

We know that, polynomial function is continuous and differentiable. So,
fix] is continuous in [1,2] and £(x) is differentiable in {1,2). So, Lagrange's

mean value theorem is applicable. Thus, there exists a point c e (1, 2) such that

gy 1)
2-1
P R Lk bl Ch
1
= 2o-1-2-9
1
= Zo=3

Hence, Lagrange's mean value theorem is verified.

Mean Value Theorems Ex 15.2 Q1(iv)
Here,
Flx)= ¥ - 3% +2 on [-1,2]

We know that, polynomial function is continuous and differentiable. So,
fx] is continuous in [-1,2] and differentiable in {-1,2). So, Lagrange's

mean value theorem is applicable, so there exist a point ¢ e (-1, 2) such that

- LR
2+1
- 20—3=(4_6+2)_[1+3+2)
3
= 2c-3=-—=
= 2c=1
= c=%e(—lJ2)

Hence, Lagrange's mean value theorem is verified.

Mean Value Theorems Ex 15.2 Q1(v)



Here,
Fix)= 2x% - 3x +1 an [L3]

We know that, polynomial function is continuous and differentiable. So,
flx) is continuous in [1,3] and F(x) is differentiable in {1,3). So, Lagrange's

mean value theorem is applicable, so there exist a point c e [1,3) such that

3_
232-33+1)-2-3+1
L, ROEP-EEey)-(e-aey
3-1
= 4¢:—3=E
)
= 4c =543
= 4c = B
= c=2<5|:1,3)

Hence, Lagrange's mean value theorem is verified.

Mean Value Theorems Ex 15.2 Q1(vi)

Here,
fix)= *¥Z - 2%+ 4 on [1.5]

Wwe know that, polynomial is always continuous and differentiable. So,
f(x) is continuousin [1,5] and it is differentiable in [1,5). So, Lagrange's

mean value theorem is applicable. Thus, there exists a point c e (1,5] such that

f'(c):@
= 2.:_2=((5)?_2(5)+4)—(1-2+4)
4
= 2C—2=194_3
= 2o-2=4
= 2c=6
= c=3¢(L5)

Hence, Lagrange's mean value theorem is verified.

Mean Value Theorems Ex 15.2 Q1(vii)
Here,
Fiw)=2x -x% an [0.1]

We know that, polynomial is continuous and differentiable. So,
fx] is continuous in [0, 1] and differentiable in (0,1). So, Lagrange's

mean value theorem is applicable. Thus, there exists a point ¢ < (0,1) such that

= Z2-2c=
1
= Z-2c=1
= 1=2c
1
= c===(0,1)

Hence, Lagrange's mean value theorem is verified.

Mean Value Theorems Ex 15.2 Q1(viii)



Flxl=Ix-1(x-2)(x-3) on [0,4]

We know that, polynomial is continuous and differentiable every where. Sa,
f(x) is continuous in [D, 4:| and differentiakble in [D, 4). So, Lagrange's

mean value theorem is applicable. Thus, there exists a pointc < (D, 4) such that

fl(':)= f(él-)—f[:ljj
4-0
_ 3= - -1)(-2) (-3
= fe-1lic-2)+(c-2){c-321+[c-1)(c-3)= o
= -:2—3-:+:2+-:2+5-:+Eu+-:2—4r:+3=6-'-l5
= 3cf-12c+11=3
= acf=12c+E8=0
P =—(—12jim
[a]
1248
) C=T
248

= c=21,Te(D,4)

2
e c=21 —«<(0,4
5O

Hence, Lagrange's mean value theorem is verified.

Mean Value Theorems Ex 15.2 Q1(ix)

Here,

Fix)=+25 -x% on [-3.4]

Given function is continuous as it has unigue value for each » e[—3, 4] and

Frix)- ——=
2feg_x?
. -x
Fx) = _
25 -

So, £'(x) exists for all values forx e (-3, 4) s0, F(x) is differentiable
in (-3,4). So, Lagrange's mean value theorem is applicable. Thus, there exists

apointce I:—SJ 4) such that

) f(4)4 -+f3(-3)
- -2c _f5-416
9425 - 2 7

= o

Squaring both the sides,

492 = 25 - o7
-1
2
C=tomc(-3,4)
=

Hence, Lagrange's mean value theorem is verified.

Mean Value Theorems Ex 15.2 Q1(x)



Here,
f(x) =tan~'x on [D,l]

We know that, tan™!x has unigue value in [D,i] so, it is continuous in [D,l]
1

1+x
So, {'[x) exists for each x e [0,1)

Fiix) = 2

So, {'[x) is differentiable in (0,1), thus Lagrange's mean value theorem is applicable,

so there exist a point c e (0,1) such that

f{1y-r(0
fl(c)= () (:]
1-0
1 tan~* (1) - tan™ (D)
= 1+2 1
.t _a°
1+0c° 1
= I=1+c?
b
= C = i—1
L

Hence, Lagrange's mean value theorem is verified,

Mean Value Theorems Ex 15.2 Q1(xi)
Hereg,

f(x)=x+% an [1,3]

f(x) attiams a unique value for each x < [1,3], soitis continuous

fix) = 1—)(—12 is definded for each x < (1,3)

= f(x) is differentiable in (1,3), so Lagrange's mean value theorem is a applicable,
s0 there exist a point ¢ = (1,3) such that
F31-F[1
- R
3-1
_ . 1_[3+1—|:1+1)]
2 2
10
—-2
1_23
1- = =
= =z 5
= 1—%= 4
c w2
2 1
= 1—§=?
= c? =
= c=.e (L3

So, Lagrange's mean value theorem is verified.

Mean Value Theorems Ex 15.2 Q1(xii)



Here,
Fla)=x(x+ 4)2 on [0,4]

We know that every polynomial function is continuous and differentiable every
wher, so, £ {x) is continuous in [DJ 4] and differentiable in [0, 4], so, Lagrange's

mean value theorem is applicable, thus there exist apointc = I:DJ 4) such that

Fl4)-f(0
- (E=10)
4-0
4x(8)° -0
= 3 +16c+ 16 =
= 3’ +16c+16 =64
= 3c?+16c-48=10
_ C_-15¢«,’§55 +576
-
-16+ 832
= St e
&
5 =—1618J1_3
6

C= %ﬁe [D, 4)

Hence, Lagrange's mean value theorem is verified.

Mean Value Theorems Ex 15.2 Q1(xiii)

Here,

Fix)= x+dx% -4 on [2.4]

fix] is continuous at it attains a unique value for each x < [2, 4:| and

Fx) = _2x
fx? - 4
X
Flix)=
)= ==
= Flix) exists for each x € (2, 4)
= Fix) is differentiable in (2,4, so
Lagrange's mean value theaorem is applicable, so there exist a c e (2,4) such that
IR
4-z
g 12 -0
= —_ - -
=% 4 =

Squarintg both the sides,

2 12
= =T
ct-4 4
= 4c? = 1207 - 48
= 8c? = 48
= 2 =6
= c=J6_e[2,4)

Hence, Lagrange's mean value theorem is verified.

Mean Value Theorems Ex 15.2 Q1(xiv)



Here,
f(x):x2+x—1 on [0, 4]

fix) is palynomial, so it is continuous is [0, 4] and differentiable in {0,4]
as every palynomial is continuous and differentiable every where, So,

Lagrange's mean value theorem is applicable, so there exists a point c £[0, 4] such that

RIRAC AT

4-0

{[4)2+4—1}—(D—1)
= 2c+1=
4

= 26+1=E
= Zc+1=5E
= c=2=(0,4)

Hence, Lagrange's mean value theorem is verified.

Mean Value Theorems Ex 15.2 Q1(xv)
Herge,

Fx)=sinx -sin2x - x an [0,7]

We know that sinx and polynomial is continuous and differentiable every where =0,
f(x) is continuous in [0,7] and differentiable in [0,7] So, Lagrange's mean value theorem
is applicable. So, there exist a paintc e (0, 7) such that
Fw)-F(0
gy Fn) =)
r-0Q

(sing -sin2r - x) - (0]

= cosc -2cos2c-1=
T

= cosc-2cos?o=-1+1
= 0050—2{203520—1:]=D
= 4cosfc-cosc-2=0

—(—1)1 ||1—4x4x[—2)
= Cosc -

B

1+.f33

= cosc =

Hence, Lagrange's mean value theorem is verified.

Mean Value Theorems Ex 15.2 Q1(xvi)
The given function is f(x) =x' —5x" —3x, fhbeing a polynomial function, is contimous in
[1.3] and & dif erentiable in [1.3] whose derivatiwe is3x” —10x— 3.
F)=1-5(1) -3(1)=-7
f(3)=3"-5(3) -3(3)=27-45-9=-27
F(B)-fla) S(3)-£Q) 2747

= = =-10
b—a 3-1 2

Mean value theorem states that there i a pointc (1, 3 )such that /(¢ ) = 3¢" —10c—3

F(c)=-10
3¢ —10c-3=-10
3 —10c+7=0

3¢t —3c—Te+7=0
7 7 A
c=—, wherec=—g(1,3)
3 £ s

Henee, Mean value theorem i verified for the given function.

Mean Value Theorems Ex 15.2 Q2



Hereg,
F(x) =l on [-1.1]
-, x <0
”le:{x, x =0

For differentiability atx =10

i flo-h)-7(0)
=0 -h
s (190

h=0 -

LHD

. h
= lim —=—
h=0-h

LHD =-1

RHD = lim

]
=

LHD = RHD
= f(x) is not differentiable atx =0 = (—1, 1)

Hence, Lagrange's mean walue theorem is verified.

Mean Value Theorems Ex 15.2 Q3

Here,

f(x)=% on [-1,1]

f'(x)=-xi2
= f'(x) doesnot exist atx=De[—1,1)
= f(x) is not differentiable in (—lJ 1)

Hence, LMVT is verified

Mean Value Theorems Ex 15.2 Q4

Here,
F(x) =——,xe[1,4]
4x—1
f(x) attain unique value for each x & [1,4] , 50 f(x) is continuousin [1, 4].
.
(4x-1)
= f'[x] exists foreach x € (1, 4)

f'[x =5

= f'[x) is differentiable in(1, 4)

So, Lagranges mean value theroem is applicable.
So, there exist a point c(1, 4) such that,
(o)< =T

d 4-1

W=

=

o P e IS
(4x-1 3
4 4
:_7,,2_—
(4x—1)" 45
=(4x-1)" =45
= 4x—1=13./5
3.5+1

4

=

e[1.4]

Mean Value Theorems Ex 15.2 Q5



Here,

curve is y =[x - 4)2

Since, it a polynomial function so it is differentiable and continuous, So, it
Lagrange's mean value theorem is applicable, so, there exist a point ¢ such that,

, Flb)-f(a
RERACELL
= 2(0—4)=—f(5;_i(4)
= 2o - =ﬁ
= 2c=9
9
= c=_
2
z
= y=[§—4}
1
T3
9 1. . .
Thus, [c,¥)= [E’Z] is required point,

Mean Value Theorems Ex 15.2 Q6

Here,

yo=xZ4x

Since, ¥ is a polynomial function, so it continuous differentiable,

= Lagrange's mean value theorem is applicable, so0, there exist a point ¢ such that,
Fiby -1+
AR
bh-3
Fi1y-f(0
= 2c+1= —[ ) ( )
1-0
= 2c+1=2
1
= Gi=vE
2
s i |k
2 z2
- ol
i
1 3. : ;
So, fc,vl= (E’ZJ is the required point.

Mean Value Theorems Ex 15.2 Q7

Herge,

y=(x—3)2

Since, y is a polynomial function, so it continuous differentiable,

= Lagrange's mean value theorem is applicable
= There exist a point ¢ such that,
Fib)-7is)
flic)=
(€l=—5—
Fl4-11(3
= 2(0— 3) = —( ) ( )
4-3
= 2Zec-6 = -0
1
= 2e=7
7
= c==
2
z
-
=|<-3
= (37
= % -1
4
So fciy)= 7L is the required point
4 » 2.’4 '

Mean Value Theorems Ex 15.2 Q8



Herg,
Vo= x3-ax
vy Is a polynomial function, so it is continuous differentiable, so
Lagrange's mean value theorem Is applicable thus there exists a point ¢ such that,

vy FB)-Ta)

f(c)- b-3

= 362_3=}(E2)—f(1)
2-1
= 302—3=2+2
= -7
= c=4_-z
3

= _z‘ﬁ

¥ +3 3

So, (e, ¥) = [i@. 1%&} is the required point.

Mean Value Theorems Ex 15.2 Q9
Herge,

wo=xiel

Itis a polynomial function, so it is continuous differentiable.

= Lagrange's mean value theorem is applicable, so there exists a point ¢ such that,
fiby-f
SNAORIC
bh-a
Fla3)-f
L e BT
3-1
_ a2 28-2
2
= c? -
3
13
= = j—
3
3
132
= == +1
-3
2
So, fcoy) = §J (?Jz +1| is the required point.

Mean Value Theorems Ex 15.2 Q10



Trigonometric functions are continuous and
differentiable,

Thus, the curve Cis continuous between the points
(5,0) and {0,a)and is differentisble on [a,4]
Therefore, by Lagrange's Mean Yalue Theorem,
there exists a real number ¢ e (a,a) such that

a-0
F(c}=—0_3=—1

MNow consider the parametric functions of the
given function

¥=800s"8

and

y=asin®s

= ax _ 3acos® g(-sing)
ag

and

= a _ 3asin’ &fcos &)
ag
; ay

de

dy  3asin®é{cos &)
dx  3acos’&[-sine)
dy
= =-tané&
dx
Slope of the chord joining the points {&,0) and {0,a)
=Slope of the tangent at {C,F{c]}, where ¢ lies on the curve
a-0

= =-tané&

=-1=-tan#&

= tangd=1
T

= &=—
4

Mow substituting &= %, in the

parametric representations, we have,
x=ac0s8, y = asin® 8

= x=acos” [E],y = asin® [EJ
4 4

a a

=S HE— ¥ = —=
N N7

=] =]

Thus, P| —=—, —=_
[2@ 22

is parallel to the chord joining the points (a,0] and [0,a),

] is a point on C, where the tangent

Mean Value Theorems Ex 15.2 Q11



Consider the function as

Fix)=tanx, {XE[a,b] such thatD<a<b<%}

We know that tanx is continuous and differentiable in [DJ %J, so, Lagrange's mean value

thearem is applicable on {3,5), so there exists a point ¢ such that,

Flo)-1
SRICEIC
]

z__ tanb-tana L
= sec C_ib—a ]
MO,

cefab)
= g<c<h
= secta< secto< secth
= secta < {w] < sec b
bh-2z

Using equation [ij,

= (b—a)59c23< (tanb - tana) < (b - 3 sect b



